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Abstract 

This study presents a time-domain method for identifying parameters in multi-degree-of-freedom (DOF) 

linear mass-spring-damper systems that include Coulomb friction, where the friction coefficient varies 

within a limited range, using measurements of position and control force. For mass identification in 

single-degree-of-freedom (DOF) vibrating mechanical systems with stiffness and no damping but 

Coulomb friction, the friction term is eliminated by first derivative processing. In addition, the 

identification of the coefficient of friction is not considered, and friction is treated as measurement noise 

by reference trajectory search control. A method of implementing online algebraic parameter 

identification by measuring position and control force in the time domain for MIMO (Multiple-Input, 

Multiple-Output) mass-spring-damper systems with limited Coulomb friction is proposed. The results 

of the mathematical model and study of the differential flatness of an n-DOF mass-spring-damper 

system with friction were obtained. An output feedback control scheme for trajectory tracking tasks 

considering Coulomb friction was obtained. The friction coefficient and parameters of mass, stiffness, 

and damping coefficient have been algebraically estimated from real-time position and input control 

force measurements to extend the application range of the online algebraic parameter identification 

method. By determining the velocity sign in two short time intervals when Coulomb friction exists and 

by processing the friction term in the manner of linearizing the sign function, in the case of an integral 

near a singular point, the reference trajectory tracking problem is realized. Based on this, a six-DOF 

mechanical system, for example, mass, stiffness, and damping factor without friction, was identified in 

real-time, and mass, stiffness, damping factor, and Coulomb friction coefficient in the presence of 

friction were identified. When friction exists and does not, parameter identification of a six-DOF 

vibrating mechanical system and reference trajectory tracking have been realized correctly. The 

method is of great help in realizing the static motion control of multi-DOF MIMO mechanical systems, 

including robot manipulators, medical devices, and precision tracking mechanisms. As a result, control 

costs are reduced. 
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INTRODUCTION 

This method has been proposed to identify 

various methods, including modal analysis, 

experiments, dynamic system identification, time-

frequency conversion, mathematical modeling and 

numerical simulation, identification by limited 

sensors, identification by band filter, identification 

by input-output characteristic analysis, 

identification of dynamic and linear systems, 
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identification of systems, and signal processing [1–15]. In relation to algebraic parameter identification, 

model-free control, the GPI balancing control of an uncertain Jeffcott rotor model, nonlinear feedback 

control, operational calculus, adaptive-like vibration control in mechanical systems with unknown 

parameters and signals, active unbalance control of rotor systems using online algebraic identification 

methods, evaluation of online algebraic modal parameter identification methods, and dynamic vibration 

absorbers have been proposed [16–25]. 

 
In addition, semi-active control of forced oscillations in power transmission lines via optimum 

tunable vibration absorbers, vibration control of active structures, vibration control of active structures, 
machinery vibration and rotor dynamics, experimental and theoretical investigations on the dynamic 
properties of tuned particle dampers, and new parameter identification methods for calibrating the 
stiffness of AFM probes have been suggested [26–30]. In these studies, a new online algebraic 
identification method in the time domain for MIMO linear mass-spring-damper mechanical systems 
using position measurements was proposed. 
 
In the theory and examples of nonlinear systems, vibration control optimization, generalized 

proportional integral output feedback controller for robust disturbance rejection in mechanical systems, 
and vibration control of mechanical systems have been discussed [31–34]. Beltrán-Carbajal and Silva-
Navarro [35] identified a method that determines the mass, damping coefficient, and stiffness of n-DOF 
(n-degree-of-freedom) vibrating mechanical systems during the initial search tracking of the reference 
trajectory and realizes reference trajectory tracking. For the parameter identification of vibrating 
mechanical systems, proper mechanical parameters are given before tracking, and mechanical 
parameter identification is realized by measuring the input control force and the displacement value of 
the output n. Based on this, the reference trajectory tracking was completed. The accuracy of the 
parameter identification and reference trajectory tracking is verified in an example of a six-DOF 
vibrating mechanical system.  

 
In addition, parameter identification and reference trajectory tracking are considered when white 

noise [36] is comprehensively considered in the identification of unknown parameters in linear, 
nonlinear, and discrete systems. For the parameter identification of a vibrating mechanical system with 
friction, the mass was identified by measuring the control force and displacement of a single-DOF 
vibrating system with no damping and stiffness. For mass identification of single-DOF vibrating 
mechanical systems with no damping and stiffness but Coulomb friction, the friction term is eliminated 
by first derivative processing. In addition, the identification of the coefficient of friction was not 
considered, and friction was treated as measurement noise by reference trajectory search control. This 
study describes the parameter identification of a multi-DOF mass-spring-damper system with Coulomb 
friction, which has a limited coefficient changing range, and the tracking of one or more reference 
trajectories that are of interest. Based on a previous study [35, 36], a method of implementing online 
algebraic parameter identification by measuring the position and control force in the time domain for 
MIMO mass-spring-damper systems with limited Coulomb friction was proposed. 

 
Here, the Coulomb friction coefficient and parameters of mass, stiffness, and viscous damping 

coefficient are algebraically identified simultaneously through the behavior of the system in the time 

domain. The proposed identification method can be used in active control and search control tasks of 

MIMO mechanical systems. For the parameter identification of vibrating mechanical systems, proper 

mechanical parameters are given before tracking, and the mechanical parameters of mass, stiffness, 

viscous damping coefficient, and Coulomb friction coefficient are identified using measurements of one 

or more input control forces and n output displacement values. Based on this, the reference trajectory 

tracking was completed. The accuracy of parameter identification and reference trajectory tracking 

when Coulomb friction exists is verified as an example of a six-DOF vibrating mechanical system. 

Furthermore, it is suggested that the control input can be chosen so that one or more reference position 

controls of interest can be realized, and for only parameter identification, one reference trajectory search 

control input can be chosen. 
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Figure 1. Structural scheme of an n-DOF vibrating mechanical system with friction. 

 

The identification and control problem when noise exists in measurements and control was suggested 

[35, 36]; however, it is not considered in this study. 

 

MATHEMATICAL MODEL AND STUDY OF THE DIFFERENTIAL FLATNESS OF N-DOF 

MASS-SPRING-DAMPER SYSTEM WITH FRICTION 

Mathematical Model 

Figure 1 shows an n-DOF vibrating mechanical system with friction. 

 

The generalized coordinates are n positions of mass 𝑥𝑖 , 𝑖 = 1,2, … 𝑛., and 𝑚𝑖, 𝑘𝑖, 𝑐𝑖  denote the mass, 

stiffness, and viscous damping coefficient of the system, respectively, and 𝑢𝑖 denotes the control force 

on mass. And 𝑓𝑖 is the Coulomb frictional force, which is expressed as 

𝑓𝑖 = −𝜇𝑖𝑚𝑖𝑔sign𝑥̀𝑖  

Where, 𝜇𝑖 is the Coulomb frictional coefficient, and sign 𝑥𝑖̇ is the sign function. 

 

The mathematical model of this vibrating mechanical system can be described using the following 

coupled ordinary differential equations: 
 

𝑚1𝑥̈1 + 𝑐1𝑥̇1 + 𝑘1𝑥1 + 𝑘2(𝑥1 − 𝑥2) = 𝑢1 − 𝜇1𝑚1𝑔sign𝑥̀1

𝑚2𝑥̈2 + 𝑐2𝑥̇2 + 𝑘2(𝑥2 − 𝑥3) + 𝑘3(𝑥2 − 𝑥3) = 𝑢2 − 𝜇2𝑚2𝑔sign𝑥̀2

⋮
𝑚𝑛−1𝑥̈𝑛−1 + 𝑐𝑛−1𝑥̇ + 𝑘𝑛−1(𝑥𝑛−1 − 𝑥𝑛−2) + 𝑘(𝑥𝑛−1 − 𝑥𝑛) = 𝑢𝑛−1 − 𝜇𝑛−1𝑚𝑛−1𝑔sign𝑥̀𝑛−1

𝑚𝑛𝑥̀𝑛 + 𝑐𝑛𝑥̀ + 𝑘𝑛(𝑥𝑛 − 𝑥𝑛−1) + 𝑘𝑥𝑛 = 𝑢𝑛 − 𝜇𝑛𝑚𝑛𝑔sign𝑥̀𝑛

   (1) 

 

This study investigates not only the case in which all masses are acted upon by the control force, but 

also the case in which some masses among n masses are acted upon by the control force. 

 

In the case where the mass 𝑚𝑖, is acted upon by the control force, Equation (1) is described in matrix 

form as follows: 

𝑀𝑋̈ + 𝐶𝑋̇ + KX = BU + 𝐹,·   𝑋, 𝑈, 𝐹 ∈ 𝑅  (2) 
 

Where, 𝑀, 𝐶, 𝐾 are the mass, damping, and stiffness matrices of the system, respectively, 𝑋, 𝑈, 𝐹 are 

the displacement, control force, and frictional force vectors, respectively. 𝐵  is 𝑛 × 𝑛  control force 

coefficient matrix. For example, if two masses of i = 3 and 5 are acted upon by the control force, 𝐵33 =
𝐵55 = 1 and the other elements 𝐵ij = 0. 

 

The vibrating system (1) can be completely controlled, observed, and stable if 𝐾 is defined as positive 

definite and 𝐶=0, 𝑈=0. If 𝐶 is positive, it is asymptotically stable. 

 

Study of Differential Flatness 

The MIMO vibrating system exhibited differential flatness properties. The flat output is given by the 

position of mass objects 𝑦𝑖 = 𝑥𝑖, 𝑖 = 1,2, … , 𝑛, and all state variables 𝑥𝑖, \{𝑥̇𝑖  and the control input 

𝑢𝑖can be parameterized into a flat output 𝑦𝑖 and a finite number of derivatives: 
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𝑦𝑖 = 𝑥𝑖

𝑦̇𝑖 = 𝑥̇𝑖

𝑢𝑖 = 𝑚𝑖𝑦̈ + 𝑐𝑖𝑦̇𝑖 + 𝑘𝑖(𝑦𝑖 − 𝑦𝑖−1) + 𝑘𝑖+1(𝑦𝑖 − 𝑦𝑖+1) + 𝜇𝑖𝑚𝑖𝑔sign𝑥̀𝑖, 𝑖 = 1,2, … , 𝑛
𝑦0 = 𝑦𝑛+1 = 0

  (3) 

Where, 𝑦𝑖  describes the position output signal of the vibrating system used for the parameter 

identification and control. 

 

Now, express the differential flatness controller for searching the reference position trajectory 𝑦𝑖  as 

𝑢𝑖 = 𝑚𝑖𝑣𝑖 + 𝑐𝑖𝑦̇ + 𝑘𝑖(𝑦𝑖 − 𝑦𝑖−1) + 𝑘𝑖+1(𝑦𝑖 − 𝑦𝑖+1) + 𝜇𝑖𝑚𝑖𝑔sign𝑥̀𝑖, 𝑖 = 1,2, … , 𝑛  (4) 

where 𝑣𝑖 is an auxiliary control input combined to get the required asymptotic output by searching 

reference position 𝑦𝑖: 

𝑣𝑖 = 𝑦𝑖̈ − 𝛽1𝑖(𝑦̇𝑖 − 𝑦̇𝑖) − 𝛽0𝑖(𝑦𝑖 − 𝑦𝑖),  𝑖 = 1,2 … , 𝑛  (5) 

Where, 𝛽1𝑖, 𝛽0𝑖 are the parameters chosen to ensure asymptotic output searching with closed loop 

dynamic properties. Therefore, the closed loop search dynamic error is: 

𝑒𝑖 = 𝑦𝑖 − 𝑦𝑖(𝑡)   (6) 

and satisfies the following equation. 

𝑒̈𝑖 + 𝛽𝑒̇𝑖 + 𝛽0𝑖𝑒 = 0  

 

The differential flatness control in Equation (4) is used for the search control solution of the closed-

loop reference position trajectory for an n-DOF MIMO vibrating mechanical system. However, this 

control scheme increases the completion cost and attenuates self-ability owing to the differential in the 

position signal relative to time, and requires velocity and position measurements. 

 

In Equation (4), a discrete problem is suggested in the neighborhood of the last term 𝑦̇ = 0. 

 

AN OUTPUT FEEDBACK CONTROL SCHEME FOR TRAJECTORY TRACKING TASKS 

IN CONSIDERATION OF COULOMB FRICTION 

From Equation (1), velocity signals in a vibrating system can be obtained as 
 

𝑦̇𝑖 =
−𝑐𝑖

𝑚𝑖
𝑦𝑖 −

𝑘𝑖

𝑚𝑖
∫ (𝑦𝑖| |−𝑦𝑖−1)dt −

𝑘𝑖+1

𝑚𝑖

𝑡

0

∫ (𝑦𝑖| |−𝑦𝑖+1)dt +
1

𝑚𝑖
∫ 𝑢𝑖

𝑡

0
dt + 𝜇𝑖𝑔 ∫

𝑡

0
sign𝑦̀𝑖dt + 𝑝𝑖,

𝑡

0
𝑖 = 1,2, … , 𝑛

   (7) 

 

Not considering a constant depending on initial conditions, Equation (7) can be expressed as 

 

𝑦̇̂𝑖 =
−𝑐𝑖

𝑚𝑖
𝑦𝑖 −

𝑘𝑖

𝑚𝑖
∫ (𝑦𝑖| |−𝑦𝑖−1)dt −

𝑘𝑖+1

𝑚𝑖

𝑡

0

∫ (𝑦𝑖| |−𝑦𝑖+1)dt +
1

𝑚𝑖
∫ 𝑢𝑖

𝑡

0
dt + 𝜇𝑖𝑔 ∫

𝑡

0
sign𝑦̀𝑖dt,

𝑡

0
𝑖 = 1,2, … , 𝑛

   (8) 

 

In the case of friction at a singular point (𝑦̇𝑖 = 0), the processing problem of 𝜇𝑖𝑔 ∫
𝑡

0
sign𝑦̀𝑖dt is 

suggested. 

 

By measuring the values of 𝑦𝑖,𝜏, 𝑦𝑖,𝑡−𝜏, 𝑦̇𝑖 ≈
𝑦𝑖,𝜏- 𝑦𝑖,𝑡−𝜏

𝜏
 is calculated for sampling time 𝜏 and when 

−𝜀 < 𝑦̇𝑖 < 𝜀  change of sign 𝑦̇𝑖  is linearly approximated, that is, approximated as sign𝑦̀𝑖 =
1

𝜀
𝑦̇𝑖  

(|𝑦̇𝑖| < 𝜀) 

 

Now supposing 
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∫ sign𝑦̇𝑖dt = ∫ sign𝑦̇𝑖dt + ∫ sign𝑦̇𝑖dt + ∫ sign𝑦̇𝑖dt
𝑡3𝑖

𝑡2i

𝑡2𝑖

𝑡1i
+ ∫ sign𝑦̇𝑖dt

𝑡

𝑡3i

𝑡1𝑖

0

𝑡

0
  

 

when 𝜀 → 0  is given by 𝛥𝑡1𝑖 → 0, 𝛥𝑡2𝑖 → 0 . 𝛥𝑡1𝑖 = 𝑡2𝑖 − 𝑡1𝑖, 𝛥𝑡2𝑖 = 𝑡3𝑖 − 𝑡2𝑖 are time intervals 

corresponding to domain𝜀, where 𝑡1𝑖 is time for 𝑦̀𝑖 = 𝜀, 𝑡2𝑖 is time for 𝑦̇𝑖 = 0, and 𝑡3𝑖 is time for 𝑦̀𝑖 =
−𝜀. 

 

In this time domain 𝜀,∫ sign𝑦̇𝑖dt ≈
𝑡2𝑖

𝑡1i
∫ sign𝑦̇𝑖dt

𝑡3𝑖

𝑡2i
0. Taking the time interval 0 − 𝑡satisfying 𝑦̇𝑖 > 0 

in 0 − 𝑡1𝑖  and 𝑦̇𝑖 < 0  in 𝑡3𝑖 − 𝑡  and considering ∫ sign𝑦̀𝑖dt = 𝑡1𝑖, ∫ sign𝑦̇𝑖dt
𝑡3𝑖

0

𝑡1𝑖

0
= 𝑡3𝑖 , it can be 

written as ∫ sign𝑦̇𝑖dt = 𝑡1𝑖 − (𝑡 − 𝑡3𝑖)
𝑡

0
. 

 

Therefore, in the control process, the time interval of |𝑦̇𝑖| < 𝜀 can be determined, and Equation (8) 

can then be integrated. Here, according to the choice of 𝜀  control error and tracking error, it is 

determined to be near 𝑦𝑖 = 0, and if 𝜀 → 0, the error also converges to zero. This assumes that 𝑦𝑖 is 

bounded and continuous. 

 

The expressions of the output feedback control scheme and auxiliary control input for tracking the 

reference position trajectory 𝑦𝑖 are as follows: 

𝑢𝑖 = 𝑚𝑖𝑣𝑖 + 𝑐𝑖 𝑦̇̂𝑖 + 𝑘𝑖(𝑦𝑖 − 𝑦𝑖−1) + 𝑘𝑖+1(𝑦𝑖 − 𝑦𝑖+1) + 𝜇𝑖𝑚𝑖𝑔sign𝑥̀𝑖, 𝑖 = 1,2, … , 𝑛  (9) 

𝑣𝑖 = 𝑦̈𝑖 − 𝛽̇2𝑖(𝑦̇̂𝑖 − 𝑦̇𝑖) − 𝛽1𝑖(𝑦𝑖 − 𝑦𝑖) − 𝛽0𝑖 ∫ (𝑦𝑖| |−𝑦𝑖)dt,   𝑖 = 1,2 … , 𝑛
𝑡

0
  (10) 

In Equation (10), the integral term is used to compensate for the tracking error of the velocity signal, 

and the integral-type differential equation of error tracking can be obtained from Equation (9) of the 

control as follows: 

𝑒̈𝑖 + 𝛽2𝑖𝑒̇𝑖 + 𝛽1𝑖𝑒𝑖 + 𝛽0𝑖 ∫ 𝑒𝑖
𝑡

0
dt = 𝑎𝑖 , 𝑖 = 1,2, … .𝑛  (11) 

where 𝑎𝑖 is an unknown constant for error tracking. Differentiating Equation (11) 

𝑒𝑖
(3)

+ 𝛽2,𝑖𝑒̈𝑖 + 𝛽1,𝑖𝑒̇𝑖 + 𝛽0,𝑖𝑒𝑖 = 0, 𝑖 = 1,2,..., 𝑛  (12) 

Design parameter 𝛽ji(𝑗 = 0,1,2) can be chosen to make the error zero〔35〕. In addition, parameters 

can be chosen to improve the quality of control [37]. 

 
ONLINE ALGEBRAIC PARAMETER IDENTIFICATION OF A VIBRATING 

MECHANICAL SYSTEM WITH COULOMB FRICTION 

Fundamental Relational Expression 

Equation (1) is described in the notation of Mikusiński operational calculus by 

𝑚𝑖𝑠2𝑌𝑖(𝑠) + 𝑐𝑖sY𝑖(𝑠) + 𝑘𝑖[𝑌𝑖(𝑠) − 𝑌𝑖−1(𝑠)] + 𝑘𝑖+1[𝑌𝑖(𝑠) − 𝑌𝑖+1(𝑠)] = 𝑈̀𝑖(𝑠)

+𝑅𝑖(𝑠), 𝑖 = 1,2, ⋯ , 𝑛
  (13) 

where 𝑌0(𝑠) = 𝑌𝑛+1(𝑠) ≡ 0, 𝑅𝑖(𝑠) = 𝑚𝑖𝑦0,𝑖𝑠 + 𝑚𝑖𝑦̇0,𝑖 + 𝑐𝑖𝑦0,𝑖 , 𝑦0,𝑖 = 𝑦𝑖(𝑡0) and 𝑦̇0,𝑖 = 𝑦̇𝑖(𝑡0) are 

unknown constants denoting the system’s initial conditions at time 𝑡0 ≥ 0. 

 
On the other hand, in the intervals 𝑦̇𝑖 > 0 and 𝑦̇𝑖 < 0, 𝑈̄𝑖(𝑠) is as follows: 

𝑈̄𝑖(𝑠) = 𝑈𝑖(𝑠) -𝜇𝑖𝑚𝑖𝑔,    \{𝑦̇𝑖 > 0  

𝑈̄𝑖(𝑠) = 𝑈𝑖(𝑠) + 𝜇𝑖𝑚𝑖𝑔,    \{𝑦̇𝑖 < 0  

 

The control force 𝑢 in the domain 𝑦̇𝑖 ≠ 0 can be regarded as 𝑈̄𝑖(𝑠), and the transformed control force 

𝑈̀𝑖 always acts on the frictional force. 
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To eliminate the influence of the initial conditions, Equation (13) is differentiated twice with respect 

to 𝑠 and is multiplied by 𝑠2. Then, transforming it to the time domain, the following expression can be 

obtained. 

𝑎11,𝑖(𝑡)𝑚𝑖 + 𝑎12,𝑖(𝑡)𝑐𝑖 + 𝑎13,𝑖(𝑡)𝑘𝑖 + 𝑎14,𝑖(𝑡)𝑘𝑖+1 = 𝑏𝑖(𝑡), 𝑖 = 1,2, … , 𝑛…  (14) 

 

Coefficients of Equation (14) are given by 

𝑎11,𝑖(𝑡) = 2 ∫ ∫ 𝑦𝑖
𝜏2

𝑡0

𝑡

𝑡0
(𝜏)𝑑𝜏1𝑑𝜏2 − 4 ∫ (𝜏1| |−𝑡0)𝑦𝑖(𝜏1)𝑑𝜏1 +

𝑡

𝑡0
  

𝑎12,𝑖(𝑡) = −2 ∫ ∫ (𝜏1 − 𝑡0)𝑦𝑖
𝜏2

𝑡0

𝑡

𝑡0
(𝜏)𝑑𝜏1𝑑𝜏2 − ∫

𝑡

𝑡0
  

𝑎13,𝑖(𝑡) = ∫ ∫
𝜏2

𝑡0

𝑡

𝑡0
  

𝑎14,𝑖(𝑡) = ∫ ∫
𝜏2

𝑡0

𝑡

𝑡0
  

𝑏1,𝑖(𝑡) = ∫ ∫
𝜏2

𝑡0

𝑡

𝑡0
  

where  

𝑢̄𝑖 = 𝑢𝑖 − 𝜇𝑖𝑚𝑖𝑔,    \{𝑦̇𝑖 > 0   

𝑢̄𝑖 = 𝑢𝑖 + 𝜇𝑖𝑚𝑖𝑔,    \{𝑦̇𝑖 < 0. 

 

Expressing Equation (14) in matrix form 

𝐴𝑖𝜃𝑖 = 𝐵𝑖, i = 1.2. … , 𝑛  (15) 

 

where 𝜃 = 〔𝑚𝑖, 𝑐𝑖, 𝑘𝑖, 𝑘𝑖+1〕𝑇. 

𝐴𝑖 = [𝑎11,𝑖𝑎12,𝑖𝑎13,𝑖𝑎14,𝑖][𝑎21,𝑖𝑎22,𝑖𝑎23,𝑖𝑎24,𝑖][𝑎31,𝑖𝑎32,𝑖𝑎33,𝑖𝑎34,𝑖]  

Components of 𝐴𝑖, 𝐵 are specified as 〔35〕. 

𝑎kh,𝑖 = ∫ 𝑎𝑘−1ℎ,𝑖
𝑡

𝑡0
(𝜏1)𝑑𝜏1, 𝑏𝑘,𝑖 = ∫ 𝑏𝑘−1,𝑖

𝑡

𝑡0
(𝜏1)𝑑𝜏1  (16) 

𝑖 = 1,2, … , 𝑛, k = 2,3,4, h = 1,2,3,4  

 

Solving Equation (16), the parameter vector can be expressed by 

𝜃𝑖 = 𝐴𝑖
−1𝐵𝑖 =

1

𝛥𝑖
 ［𝛥1,𝑖𝛥2,𝑖𝛥3,𝑖𝛥4,𝑖］

𝑇
, 𝑖 = 1,2,..., 𝑛  (17) 

The solution of Equation (17) can be determined as follows. 

 

To avoid singularities when 𝛥𝑖 ≡ 0, considering that 𝑚𝑖, 𝑐𝑖, 𝑘𝑖 and 𝑘𝑖+1 have to be positive constants, 

the following expressions are given by 

 ｜𝛥𝑖｜  \{𝑚̂𝑖 =｜𝛥1,𝑖｜,｜𝛥𝑖｜𝑐𝑖 =｜𝛥2,𝑖｜,｜𝛥𝑖｜𝑘𝑖 =｜𝛥3,𝑖｜,｜𝛥𝑖｜𝑘𝑖+1 =｜𝛥4,𝑖｜,  𝑖 =

1,2,..., 𝑛  (18) 

Where, notation ( ^ ) is used to denote estimated parameters. 

 

Integrating Equation (18) twice with respect to time, the following expression can be obtained: 

𝑚̂𝑖 =
∫ ｜𝛥1,𝑖｜

(2)

𝑡0

∫ ｜𝛥𝑖｜
(2)

𝑡0

,   𝑐𝑖 =
∫ ｜𝛥2,𝑖｜

(2)

𝑡0

∫ ｜𝛥𝑖｜
(2)

𝑡0

,   𝑘𝑖 =
∫ ｜𝛥3,𝑖｜

(2)

𝑡0

∫ ｜𝛥𝑖｜
(2)

𝑡0

,  𝑘𝑖+1 =
∫ ｜𝛥4,𝑖｜

(2)

𝑡0

∫ ｜𝛥𝑖｜
(2)

𝑡0

, 𝑖 = 1,2,..., 𝑛  (19) 
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where 

 ∫ 𝜙(𝑡)
(2)

𝑡0
=∫ ∫ 𝜙(𝜏1| | )𝑑𝜏1𝑑𝜏2

𝑡2

𝑡0

𝑡

𝑡0
. 

 

An Identification Method for the Friction Coefficient 

In this study, an identification method for the friction coefficient in two cases was developed 

considering the sign change of 𝑦̇𝑖 in two adjacent time intervals. 

 

First, in the case of a sign change of 𝑦̇𝑖 in two time intervals, the identification method of the friction 

coefficient is as follows: Matrices 𝐴𝑖 , 𝐵𝑖 are expressed as 𝐴1𝑖, 𝐴2𝑖, 𝐵1𝑖, 𝐵2𝑖 corresponding to the time 

interval [𝑡0, 𝑡1] of 𝑦̇𝑖 > 0 and time interval [𝑡2, 𝑡3] of 𝑦̇𝑖 < 0. In addition, the components of the new 

column vectors 𝐷1𝑖, 𝐷2𝑖 are calculated by the coefficients. 

𝐷1𝑖,1 =
1

12
 and 𝐷2𝑖,𝑗 = ∫ 𝐷2𝑖,𝑗−1

𝑡

𝑡0
(𝜏1)𝑑𝜏1, 𝑗 = 2,3,4. 

 

Then, in the domains of 𝑦̇𝑖 > 0 and 𝑦̇𝑖 < 0. Equation (15) can be expressed as follows: 

𝐴1𝑖𝜃𝑖 = 𝐵1𝑖 − 𝜇𝑖𝑚𝑖𝑔𝐷2𝑖  

𝐴2𝑖𝜃𝑖 = 𝐵2𝑖 + 𝜇𝑖𝑚𝑖𝑔𝐷2𝑖.  (20) 

 

Eliminating term 𝜇𝑖𝑚𝑖𝑔 from the equations 19 and 20 can be given by 

𝐴̄𝑖𝜃𝑖 = 𝐵̄𝑖    (21) 

where 

𝐴̄𝑖 = 𝐷̄2𝑖𝐴1𝑖 + 𝐷̄1𝑖𝐴2𝑖,  𝐵̄𝑖 = 𝐷̄2𝑖𝐵1𝑖 + 𝐷̄1𝑖𝐵2𝑖 (22) 

In Equation (22) 𝐷̄1𝑖, 𝐷̄2𝑖 are 4 × 4 matrices whose diagonal elements are ones of 𝐷1𝑖, 𝐷2𝑖 and the 

others are zero. 

 

By solving Equation (21) with the method suggested [35], 𝜃𝑖 is found, and by using Equation (20), 

𝜇𝑖 was calculated. 

 

Next, consider the identification method of the friction coefficient when the sign of 𝑦̇𝑖  does not 

change in adjacent time intervals. 

 

As in the first case, in two time intervals [𝑡0, 𝑡1], [𝑡2, 𝑡3] (𝑡0 < 𝑡1 < 𝑡2 < 𝑡3), where the sign of 

𝑦̇𝑖  does not change, matrices 𝐴1𝑖, 𝐴2𝑖, 𝐵1𝑖, 𝐵2𝑖, 𝐷1𝑖, 𝐷2𝑖 are calculated by 

𝐴1𝑖𝜃𝑖 = 𝐵1𝑖 ± 𝜇𝑖𝑚𝑖𝑔𝐷1𝑖  

𝐴2𝑖𝜃𝑖 = 𝐵2𝑖 ± 𝜇𝑖𝑚𝑖𝑔𝐷2𝑖   (24) 
 

Where 

+:𝑦̇𝑖 < 0, - :𝑦̇𝑖 > 0. 

 

Considering this, Equation (22) can be expressed as 

𝐴̄𝑖 = 𝐷̄2𝑖𝐴1𝑖 − 𝐷̄1𝑖𝐴2𝑖  

𝐵̄𝑖 = 𝐷̄2𝑖𝐵1𝑖 − 𝐷̄1𝑖𝐵2𝑖  (25) 

 

The succeeding identification process is the same as in the first case. 

 

Among these two methods, the second is more convenient for realizing quick identification and 

ensuring the accuracy of the reference trajectory tracking after parameter identification. 
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Identification Methods for Some Reference Trajectory Tracking 

Next, algebraic parameter identification is realized when only the ith mass, not all n masses, is 

controlled (Figure 2). In mass 𝑚𝑖−1, because 𝑢𝑖−1 = 0 and 𝑘𝑖 is a known quantity; the parameter we 

have to identify is 𝜃𝑖−1 =. Therefore, in 𝐴̄𝑖−1, 𝐵̄𝑖−1 transfers a known quantity 𝑘𝑖 to the right side and 

eliminates the 4th row and column, and a new matrix is 𝐴̄𝑖-1
′ (3 × 3) and vector 𝐵̄𝑖-1

′ (3 × 1) are composed. 

Then from the resulting equation 𝐴̄𝑖-1
′ 𝜃̄𝑖-1 = 𝐵̄𝑖-1

′ , 𝜃̄𝑖-1 can be found. 

 

In a similar method, it is possible to realize algebraic parameter identification when only some masses 

are controlled among n masses. 

 

A CASE STUDY: SIMULATION RESULTS 

Here, an identification example is given in the case of the reference trajectory tracking of 𝑚2 in a 

six-DOF vibrating mechanical system with Coulomb friction. 

 

The mechanical parameters of the six-DOF vibrating mechanical system are listed in Table 1. For 

comparison with the case of no friction, the values are given as described by Beltrán-Carbajal and Silva-

Navarro [35]. Measurement values are low pass filtered to use in data processing. 

 

Here, a reference trajectory of 𝑚2 is given as follows: 

𝑥2 (𝑡) = {0.05sin
𝜋

2𝑡02
𝑡 for 0 ≦ 𝑡 ≦ 𝑡02    

{0.05 for 𝑡02 ≦ 𝑡 ≦ 𝑡12{0.05-0.05𝜓2(𝑡, 𝑡12, 𝑡22)  for 𝑡12 ≦ 𝑡 ≦ 𝑡22  

𝜓2(𝑡, 𝑡12, 𝑡22) is a Bezier polynomial, with 𝜓2(𝑡12, 𝑡12, 𝑡22)=0, 𝜓2(𝑡22, 𝑡12, 𝑡22)=1, and expressed as 

𝜓2(𝑡, 𝑡12, 𝑡22) =  

Where, 

𝑟1=252, 𝑟2=1050, 𝑟3=1800, 𝑟4=1575, 𝑟5=700, 𝑟6=126. 

 
For parameter identification, it is integrated in the corresponding two time intervals chosen, considering 

the natural frequency of each mass, and the initial values of the parameters are given as 𝑚𝑖 = 2.5 kg, 𝑐𝑖 =
5.0 Ns 𝑚⁄ , 𝜇𝑖 = 0.20,𝑖 = 1,2, ⋯ ,6;𝑘𝑖 = 700 𝑁 𝑚⁄ , 𝑖 = 1,2, ⋯ ,7; 𝑡02 = 0.1𝑠, 𝑡12 = 5𝑠, 𝑡22 = 10𝑠. 

 

 
Figure 2. Model of a vibrating system controlling only the ith mass. 

 

Table 1. Mechanical parameters of a six-DOF vibrating mechanical system. 

𝑚1 = 2.0 kg  𝑐1 = 5.5 Ns 𝑚⁄   𝜇1 = 0.20   𝑘1 = 1000 𝑁 𝑚⁄   

𝑚2 = 2.5 kg  𝑐2 = 5.0 Ns 𝑚⁄   𝜇2 = 0.18 𝑘2 = 900 𝑁 𝑚⁄   

𝑚3 = 3.0 kg  𝑐3 = 4.5 Ns 𝑚⁄   𝜇3 = 0.16 𝑘3 = 800 𝑁 𝑚⁄   

𝑚4 = 3.5 kg   𝑐4 = 4.0 Ns 𝑚⁄   𝜇4 = 0.14 𝑘4 = 700 𝑁 𝑚⁄   

𝑚5 = 4.0𝑘𝑔 𝑐5 = 3.5𝑁𝑠/𝑚 𝜇5 = 0.12 𝑘5 = 600𝑁/𝑚 

𝑚6 = 4.5𝑘𝑔 𝑐6 = 3.0𝑁𝑠/𝑚 𝜇6 = 0.10 𝑘6 = 500𝑁/𝑚 

 𝑘7 = 400𝑁/𝑚 
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To compare the results of the example from Beltrán-Carbajal and Silva-Navarro (2015) [35], the 
results of the parameter identification in the case of no friction are depicted in Figure 3(a), (b), and (c). 
Figure 4 presents six displacement measurements in the case of no friction, and Figure 5 presents the 
control force. 
 

 

 

 
Figure 3. Identification results of mass, stiffness, and damping coefficient when no friction.  

(a) Identification results of mass when no friction; (b) Identification results of stiffness coefficient 

when no friction; and (c) Identification results of damping coefficient when no friction. 

(a) 

(b) 

(c) 
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Figure 4. Result of six displacement measurements with no friction. 

 

 
Figure 5. Result of control force measurement with no friction. 

 

Figure 6(a) to (d) shows the individual results of mass, damping coefficient, stiffness, and ratio of 

friction identification. Figure 7 shows the result of six displacement measurements, and Figure 8 shows 

the result of control force measurement when friction exists. Here, two adjacent time intervals smaller 

than 0.05 s from the motion beginning moment are selected. 
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(a) 

(b) 

(c) 
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Figure 6. Identification result of mass, damping coefficient, stiffness and ratio of friction when 

friction exists; (a) Identification result of mass when friction exist, (b) Identification result of  

damping coefficient when friction exist, (c) Identification result of stiffness when friction  

exist, and (d) Identification result of ratio of friction when friction exist. 

 

 
Figure 7. Result of six displacement measurements when friction exists. 

 
When friction exists and does not, the parameter identification of the six-DOF vibrating mechanical 

system and reference trajectory tracking have been realized correctly. 

(d) 
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Figure 8. Result of control force measurement when friction exists. 

 

CONCLUSION 

Based on the results of a study by Beltrán-Carbajal and Silva-Navarro (2015) [35] for online algebraic 

parameter identification, an algebraic parameter identification method in the time domain for a multi-

DOF vibrating mechanical system with friction, which has a limited coefficient changing range, is 

suggested. 

 

For parameter identification of the vibrating mechanical system, proper mechanical parameter values 

are given before tracking, and the Coulomb friction coefficient and mechanical parameters of mass, 

stiffness, and damping coefficient are realized shortly before reference trajectory tracking by measuring 

one or more input control forces of interest and n output displacement values. 

 

By determining the velocity sign in two short time intervals when Coulomb friction exists, and by 

processing the friction term in the manner of linearizing the sign function, in the case of an integral near 

a singular point, the reference trajectory tracking problem is realized. 

 
The proposed method enables easy identification and reduces cost by realizing reference trajectory 

tracking and identification of one or more DOF in an n-DOF system. This method can be effectively 

applied to cases with and without friction; therefore, the efficiency of the online algebraic identification 

method is increased. The efficiency of algebraic parameter identification is verified as an example of 

identification and tracking control task for a six-DOF MIMO mass-spring-damper system with friction. 
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