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Abstract 

This paper addresses the analysis of the electromagnetic transients developed in an important class of 

non-uniform high-voltage power lines. It deals particularly with compensated long overhead high-

voltage transmission lines composed of several tower spans, which are connected in cascade. The 

derived mathematical model leads to a system composed of simultaneous partial differential and 

algebraic equations, which can be solved numerically in terms of parametric functions using the 

software Mathematica’s statement (ParametricNDSolve). The resulting current and voltage 

distributions along the line will be functions of the location x, the Laplace operators, as well as of the 

levels of eventually existing series capacitive and parallel inductive compensation. A code based on the 

Hosono algorithm can then be used for the numerical Laplace inversion of these expressions in order 

to get the corresponding results in the time-domain. The results of several representative case studies 

are presented and discussed in order to assess the impact of the different network parameters on the 

voltage and current distributions as well as the stresses in the compensating elements. It is believed 

that this study will be helpful to the high voltage and protection engineers, in addition to the power 

engineering students and trainees. 
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INTRODUCTION 

Analyses, mitigation, and protection against transient stresses developed in high-voltage power 

networks have attracted the interest of researchers, especially in recent years [1–13]. A large percentage 

of the resulting investigations have focused on issues related to overhead transmission lines and/or 

underground cables [6–13]. Most numerical solution approaches can be broadly classified as time-

domain and Laplace domain based techniques [4–8]. Nonlinear situations, such as corona discharges 

and magnetic saturation, require time-domain solutions [6, 7, 9–13]. In some cases, special 

consideration is devoted to the location dependence of the circuit parameters of the transmission lines 

[13]. Uniform lines can be approximated as independent, which is a mainstream or traditional situation. 

Practical and more realistic non-uniform lines 

appear in several interesting cases, such as river 

crossings and high-voltage towers. To the best of 

our knowledge, no detailed information is available 

on the combined effect of the simultaneous presence 

of non-uniform overhead lines (e.g., in cases 

involving cascade-connected multi-tower spans) 

and the eventual presence of compensating 

elements. 

 

The concept of series compensation is based on 

the addition of series capacitors to fully or partially 

eliminate the series inductive reactance, which is 
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expressed by the per-unit compensation parameter kser. Shunt compensation, on the other hand, is 

achieved through the connection of parallel compensating coils to (at least partially) eliminate (of ksh 

per unit of the line’s shunt charging current. This study contributes to this area of research. 

 

Strictly speaking, the proper selection of the sizes and locations of the compensating capacitors and 

coils is usually the result of rigorous optimization procedures with technical and/or economic objective 

functions and constraints. Without the loss of generality, this study considers the case in which the 

series compensating capacitor, C, and the shunt compensating coil, L, are placed at the line sending end 

(i.e., x=0) and its receiving end (x=length), respectively, as shown in Figure 1. 

 

For the given values of the compensation parameters kser and ksh, the following two equations can be 

derived to identify the required compensating elements C and L: 

𝐶 = 1/[𝜔2. (𝑡𝑜𝑡𝑎𝑙 𝑙𝑖𝑛𝑒 𝑖𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒). 𝑘𝑠𝑒𝑟]   

and 

𝐿 = 1/[𝜔2. (𝑡𝑜𝑡𝑎𝑙 𝑙𝑖𝑛𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑛𝑐𝑒). 𝑘𝑠ℎ]   

Where, ω is the rated angular frequency (i.e., 314 rad./s for 50 Hz). 

 

THE METHOD OF ANALYSIS 

This paper addresses the combined effect of the conductors’ sag, the eventual presence of line series 

capacitive and/or shunt inductive compensation, and the waveform of the initiating stimuli on the 

electromagnetic transients in high-voltage lines. The analysis starts with the derivation of a set of 

simultaneous algebraic and partial differential equations governing the voltage and current distributions 

in terms of both Laplace operator s and location x. They should consider the relevant initial and 

boundary conditions. An efficient Mathematica code is suggested for the numerical solution. 

 

To the best of the authors’ knowledge, no detailed information is currently available in the literature on 

the combined presence of non-uniformity of lines, such as those including cascaded multi-tower spans, as 

well as the presence of compensating elements. This study contributes to this area of research. 
 

Because both the line inductance l and capacitance c per-unit length of the non-uniform line are 

assumed to be functions of the location x, the surge impedance zo will correspondingly change with x, 

as schematically shown in Figure 1. 

 

 
Figure 1. The line’s surge impedance zo(x) as a function of the location x. 
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The plot depicts zo(x) over the distance between x=0 and x=2400 m of the sample overhead line. The 

plot covers ten span lengths of four tower spans, 600 m each. If the number of span lengths considered 
is N=4, the following expression can be derived: 

zo(x)= 360 + 40 𝑐𝑜𝑠( 2. 𝑝𝑖. 𝑥 𝑠𝑝𝑎𝑛)⁄  Ohms (1) 

This is plotted in Figure 1 over four span lengths, that is, the coordinate x ranges between zero and 

2400 m. zo(x) varied between the maximum and minimum values of 400 and 320 Ω, respectively. 
 

From the well-known relations among the speed of light, surge impedance zo, and line parameters 
per meter l and c, the following relations can be derived: 

𝑐(𝑥) =
1

speed.zo(𝑥)
 (2) 

𝑙(𝑥) =
zo(𝑥)

speed
 (3) 

 

The investigation starts with Equation (1), expressing the location dependence of the line’s surge 
impedance zo(x) as a function of the location x, measured from the line’s source terminal for an 

overhead line of span length span between two consecutive towers. 
 

This is illustrated by the plot in Figure 1 describing a 2.4-km overhead line having six equidistant 
towers and a span length of 600 m. The surge impedance sag was 20%. The surge impedance zo(x) 

exhibits its highest value (400 ) at the tower locations and its lowest value (320 ) at the midpoint 

between two neighboring towers. 

 
The line’s transient response is governed by the following simultaneous partial differential equations: 

∂v

∂x
=-l(x)

∂i

∂t
 -i.r, (4) 

And 

∂i

∂x
=-c(x)

∂v

∂t
 (5) 

Where, r denotes the series resistance per-unit length of the line, which is assumed to be 0.1 m/m. 

Their solution should consider the boundary conditions expressed in terms of the assumed source 
voltage and the line’s receiving end termination impedance expressed in the s-Domain. For instance, 

this impedance can assume values of zero, infinity, 𝑠. 𝐿, 1/(𝑠𝐶) for the short-circuit, open circuit, 
inductive termination by inductance L, or capacitive termination by capacitance C, respectively. 

 

The above system of equations can be solved for the s-domain expressions of the voltage and current 

using ParametricNDSolve of the software Mathematica (for example, Version 13.3) [14]. The time 
response can then be obtained through the use of the previously mentioned Hosono’s algorithm for the 

numerical Laplace inversion [15]. 
 

 
Figure 2. The considered sample power network. 
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SAMPLE RESULTS 

As a representative example, this section presents the transient response of a fully compensated 2400-

m-long non-uniform line composed of four tower spans, 600 m each, overhead line. The source voltage 

was assumed to be a 1000 V step voltage. Snapshots of the instantaneous voltage and current 

distributions at time point t-=tend are depicted in the two plots, Figures 3(a) and (b), respectively. As 

expected, at the source (x=0), the voltage was 1000 V as expected. The initial value of is observed to 

be exactly 2.5 A. This agrees with the assumed source voltage (1000 V) and the value of the surge 

impedance of the line (400 Ω). 

 

The computed transient response of the voltage developed across the series compensating capacitor, 

the current flowing through the shunt compensating coil, and its transient voltage are illustrated in Figure 

3(c)–(e). The capacitor voltage transient assumed an average value of 1000 V and includes a superimposed 

oscillating high-frequency (250 kHz) transient component with an amplitude close to 5.5 V. 

 

The current through the shunt compensating coil is plotted in Figure 3(e) using a more convenient 

logarithmic current axis. It varies between zero and several kiloamperes. The plot shows the distinct 

series and parallel resonance conditions at time points t=2, 2.6, 4, 5, etc. The voltage assumed a zero 

value at t=4 µs, coinciding with the maximum current value as well as its first peak at approximately 

t=0.4 µs. As observed in the two plots in Figure 3(e). 

 

 
Figure 3. (a) Snapshot of the instantaneous voltage along the line at t=tend. 

 

 
Figure 3. (b) Snapshot of the instantaneous current along the line at t=tend. 
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Figure 3. (c) The transient voltage across the series compensating capacitors. 

 

 
Figure 3. (d) The transient current flowing through the shunt 

compensating coil (in log scale). 
 

 
Figure 3. (e) The transient voltage developed across the shunt 

compensating coil (in log scale). 
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at different locations along the line. The corresponding current profile is shown in plot in Figure 4(b) 

with the expected value of 2.74 A at the source. 

 

 
Figure 4. (a) Snapshot of the instantaneous voltage along the line at t=tend. 

 

 
Figure 4. (b) Snapshot of the instantaneous current along the line at t=tend. 

 

 
Figure 4. (c) Snapshot of the instantaneous voltage along the line at 

t=tend, with zero compensation. 

(n=20, Tower spans), Location, meters 

(Full compensation, kser=ksh=1) 

2000 0 

V
o

lt
ag

e 

10 

100 

1000 

10
4
 

10
5
 

4000 6000 8000 10000 12000 

(kser=1, ksh=1), (n=20 Tower spans), Location, meters 

2000 0 

C
u

rr
en

t 

0.01 

0.10 

1 

10 

4000 6000 8000 

V
o

lt
ag

e 

800 

900 

1000 

1100 

1200 

(n=20 Tower spans), kser=0, ksh=0, Location, meters 

20000 0 40000 60000 80000 100000 120000 



 

Trends in Electrical Engineering 

Volume 15, Issue 2 

ISSN: 2249-4774 (Online), ISSN: 2321-4260 (Print) 

 

© STM Journals 2025. All Rights Reserved 7  
 

 
Figure 4. (d) Snapshot of the instantaneous current along the line at t=tend. 
 

With full compensation, and according to Figure 4(b), the current can momentarily reach values close 
to 10A at the two locations x= 2400 m and 8200 m. It has very small magnitudes at points close to 1500, 
2000, 2800, 7500, and 8400 m. 
 

The distributions of the transient voltage and current in the uncompensated case are shown in Figure 
4(c) and (d), respectively. The voltage varies within the range of 760 V near the shunt compensating 
coil and 1230 V near the midpoint of the line. The current profile prevailing in the case of kser=0 and 
ksh=0 is illustrated in plot in Figure 4(d). It exhibits two expected values of 2.74 A and zero A at the 
line’s source and coil terminals, respectively. 
 
VALIDATION 

This section discusses the validation of the proposed method of analysis and the developed 
Mathematica computer code. A special case study with the following data was considered. 

• Per-unit series compensation: kser=0. 

• Per-unit shunt compensation: ksh=0. 

• A uniform overhead line with the constant surge impedance zo=365 Ohm. 

• Number of tower spans: n = 5. 

• Equal tower spans: 600 meters each. 

• tend (the solution’s time range) = 100 µs. 

• The magnitude of the source step voltage =1000 V. 

• One division on the time scale corresponds to 5 µs. 
 

 
Figure 5. (a) Snapshot of the voltage distribution. 
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Figure 5. (b) The voltage at the line’s sending end (x=0). 

 

 
Figure 5. (c) The current at the line’s sending end (x=0). Time 

scale: one division =5 µs. 

 

The computed voltage profile is shown in Figure 5(a). The voltage values were 1000 V and 2500 V 
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CONCLUSIONS 

This study addresses the characteristics of long high-voltage overhead transmission lines composed 

of multiple equidistant tower spans. Any number of towers could be addressed. The presented model 

can consider the time waveforms of the sources initiating the transients, the lines’ data and circuit 

parameters, as well as their loading conditions. This paper presents detailed analysis and a computer 

program for investigating electromagnetic transients and the existing corona current. The derived 

system of governing simultaneous differential and algebraic equations is solved numerically using  

a Mathematica computer code in terms of parametric equations and functions in the Laplace domain. 

The program yields s-domain expressions for the voltage and current distributions. The corresponding 

time-domain results were obtained through numerical Laplace inversion using the Hosono algorithm. 

This paper discussed the results of several case studies involving step- and ramp-form voltage sources, 
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e(t), as well as pure resistive, pure capacitive, open circuit, and short-circuit line terminations. Among 

other facts, the results indicate that shunt corona currents, if any, can assume values of several amperes 

per kilometer. 
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