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Abstract

The inverted pendulum on a cart is a canonical benchmark problem in control systems engineering,
capturing the essential challenges of stabilizing an inherently unstable, underactuated, and nonlinear
plant. Classical proportional—integral-derivative (PID) controllers, while widely employed in
industrial practice, exhibit fundamental performance limitations when applied to such systems,
primarily due to their inability to account for multivariable coupling, process noise, and the absence of
a systematic optimization framework. This paper presents the complete design, theoretical analysis,
and simulation validation of a linear quadratic regulator (LQR) combined with a Kalman filter-based
state estimator for optimal stabilization and state reconstruction of a cart-pole inverted pendulum. The
system dynamics are derived using the Lagrangian formulation and linearized about the unstable
upright equilibrium to enable the application of linear optimal control theory. The LOR controller is
synthesized by minimizing a quadratic cost functional that balances state regulation against control
effort, while the Kalman filter reconstructs unmeasured state variables from noisy sensor measurements
in an optimal minimum-variance sense. Closed-loop stability is rigorously verified through eigenvalue
analysis of the controlled system and confirmed via Lyapunov’s direct method. Numerical simulations
conducted in MATLAB/Simulink with realistic physical parameters demonstrate that the proposed
approach achieves a settling time of 1.82 seconds, a peak overshoot of 3.7%, and a control effort of
18.43 Newton-second (N -s)—representing improvements of 48.6%, 83.3%, and 47.1%, respectively,
over a well-tuned PID baseline. Results confirm superior transient performance, robust behavior under
parameter perturbations of plus or minus 20%, and accurate state estimation convergence, collectively
validating the efficacy of the LOR-Kalman architecture for practical implementation on unstable
mechanical systems.

Keywords: LQR control, state estimation, Kalman filter, optimal control, inverted pendulum, stability
analysis
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The stabilization of inherently unstable
dynamical systems is one of the most challenging
and practically significant problems in modemn
control engineering. Among the canonical
benchmark systems that have driven theoretical
advancements, the cart-pole inverted pendulum
occupies a preeminent position owing to its rich
nonlinear dynamics, structural instability, and
direct analogy to practical engineering applications,
including rocket attitude control, humanoid robot
balance, and aircraft longitudinal stability
augmentation [1, 2]. The system consists of a cart
moving horizontally along a track with a freely
rotating pendulum attached to its pivot. When
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displaced from an upright vertical position, gravity continuously drives the pendulum away from
equilibrium, requiring continuous active feedback control to maintain balance.

Traditional proportional-integral-derivative (PID) controllers have long served as the workhorse of
industrial process control and are valued for their simplicity, intuitive tuning, and broad applicability.
However, when applied to the multivariable coupled dynamics of the cart-pole system, the PID
architecture exhibits fundamental limitations. These include sensitivity to model uncertainty, degraded
performance under noisy measurements, difficulty in simultaneously regulating coupled states, and the
absence of a systematic methodology for balancing transient response quality against actuator energy
expenditure [3, 4]. Sliding mode control (SMC) has emerged as a robust alternative, offering strong
disturbance rejection through discontinuous switching laws. Nevertheless, the inherent chattering
associated with SMC introduces undesirable high-frequency oscillations that excite unmodeled
structural dynamics and cause mechanical wear in the physical hardware [5, 6].

Optimal control theory, specifically the LQR framework, provides a mathematically rigorous and
computationally tractable methodology for designing full-state feedback controllers that minimize a
quadratic cost functional. The LQR formulation yields a globally optimal linear feedback law for linear
time-invariant systems, guaranteeing the asymptotic stability of the closed-loop system under standard
observability and controllability conditions [7, 8]. Moreover, LQR controllers inherently possess
guaranteed gain and phase margins, providing robustness properties that are not easily achievable
through classical frequency-domain tuning approaches [9].

A practical limitation of the LQR design is the requirement for full-state measurement, which is often
infeasible in physical systems where the direct measurement of all state variables is either economically
prohibitive or technically impossible. The Kalman filter, derived from the same quadratic optimization
framework as the LQR, provides an optimal linear state estimator that reconstructs unmeasured states
from available noisy measurements by exploiting the statistical knowledge of the process and
measurement noise characteristics [10]. The combination of LQR state feedback and Kalman state
estimation, termed the linear quadratic gaussian (LQG) controller, possesses the separation principal
property, enabling the independent and sequential design of the regulator and estimator while preserving
the overall closed-loop stability [11-14].

Despite the extensive literature on LQR-based control of inverted pendulum systems, several research
gaps remain. Few studies provide a complete and integrated treatment encompassing nonlinear
modeling, rigorous linearization, simultaneous LQR-Kalman synthesis with explicit gain computation,
comprehensive stability analysis via both eigenvalue placement and Lyapunov methods, and systematic
robustness evaluation under parameter uncertainties and measurement noise. This study addresses these
gaps through a comprehensive theoretical and simulation-based investigation.

The principal contributions of this study are as follows: first, derivation of the complete nonlinear
and linearized state-space models using the Lagrangian method with realistic physical parameters;
second, systematic LQR gain computation with explicit weighting matrix justification; third, Kalman
filter design with full observability analysis and gain matrix computation; fourth, rigorous closed-loop
stability analysis through eigenvalue characterization and Lyapunov stability certification; fifth,
comprehensive MATLAB/Simulink simulation demonstrating superior performance compared to PID
control; and sixth, robustness analysis quantifying performance retention under plus or minus 20%
parameter perturbations.

MATHEMATICAL MODELING OF THE INVERTED PENDULUM
Nonlinear Dynamic Equations

The cart-pole system consists of a cart of mass M constrained to translate along a horizontal rail,
supporting a massless rigid rod of length 1 at its pivot point, with a point mass m located at the free end
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of the rod. The pendulum rotates freely in the vertical plane containing the direction of motion of the
cart. The cart displacement was measured horizontally from the nominal equilibrium position, and the
pendulum angle was measured from the upright vertical position. A single horizontal force applied to
the cart served as the sole control input to the system.

The equations of motion are derived using the Lagrangian formulation, which is a classical energy-
based approach that systematically produces governing differential equations from expressions for the
kinetic and potential energies of the system. Kinetic energy accounts for the translational motion of the
cart and both translational and rotational contributions of the pendulum mass. The potential energy is
stored entirely in the gravitational field of the pendulum mass relative to the cart’s pivot. After applying
the Euler-Lagrange equations to each generalized coordinate and incorporating the viscous friction
acting on the cart, two coupled nonlinear ordinary differential equations were obtained. The first
governs the translational dynamics of the cart and includes coupling terms that represent the reaction
forces exerted by the swinging pendulum on the cart. The second governs the rotational dynamics of
the pendulum and includes a coupling term, in which the cart acceleration directly influences the angular
acceleration of the pendulum. These equations constitute a coupled, nonlinear second-order system that
is inherently unstable and not amenable to a direct analytical solution in closed form.

The physical parameters used in this study are listed in Table 1. These values represent a realistic
laboratory-scale cart-pole apparatus. The cart mass of 0.5 kg and pendulum mass of 0.2 kg correspond
to a physically realizable mass ratio, whereas the pendulum length of 0.3 m and friction coefficient of
Newton-second per meter (N-m/s)are consistent with published experimental setups.

Linearization Around the Upright Equilibrium

The inverted pendulum system has two equilibrium configurations: a stable downward equilibrium,
where the pendulum hangs vertically below the pivot, and an unstable upright equilibrium, where the
pendulum balances vertically above the pivot. The control objective of this study is to stabilize the
unstable upright equilibrium. Linearization is the standard procedure for approximating nonlinear
system behavior using a simpler linear model that is valid for small deviations from the equilibrium
point.

For small angular deviations from the upright position, the nonlinear trigonometric terms in the
equations of motion can be approximated using their first-order Taylor series expansions. Specifically,
the sine of the angle is replaced by the angle itself, the cosine is replaced by unity, and higher-order
velocity-angle product terms are neglected as negligibly small. Substituting these approximations into
the nonlinear equations transforms them into a pair of coupled linear differential equations that
accurately capture the system dynamics near the upright equilibrium.

The linearized model is then organized into a standard state-space form. Four state variables are
defined to fully characterize the system at any instant: cart position, cart velocity, pendulum angle, and
pendulum angular velocity. The state matrix captures the dynamic coupling between all four states, and
the input matrix describes how the applied control force influences each state derivative. The output
matrix indicates that the cart position and pendulum angle are physically measurable outputs accessible
via position encoders or potentiometers mounted on the experimental apparatus.

Table 1. Physical parameters of the cart-pole inverted pendulum system.

Parameter Symbol Value Unit
Cart mass M 0.5 kg
Pendulum mass m 0.2 kg
Pendulum length 1 0.3 m
Gravitational acceleration g 9.81 m/s?
Friction coefficient b 0.1 N-s/m
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Substituting the physical parameter values from Table 1 into the linearized model produces numerical
state matrices with specific coefficients. Analysis of the open-loop eigenvalues of the state matrix
revealed four values: two zeros associated with the marginally stable translational mode, one positive
real value of approximately 4.852 rad/s corresponding to the unstable pendulum divergence mode, and
one negative real value of the same magnitude corresponding to a stable mode. The presence of a
positive eigenvalue confirms that the system is open-loop unstable and that active feedback control is
essential to achieve stable operation at the upright equilibrium position. Furthermore, the system is
verified to be both fully controllable, meaning that the control input can drive the system to any desired
state, and fully observable, meaning that all internal states can be reconstructed from the two available
measurements.

LQR CONTROLLER DESIGN
Cost Function Formulation

The LQR is an optimal control strategy that determines the control input by minimizing an infinite-
horizon quadratic cost functional. This cost function comprises two additive terms: a state cost term
that penalizes deviations of the state variables from their desired equilibrium values, weighted by a
positive semi-definite matrix Q, and a control cost term that penalizes the magnitude of the applied
control force, weighted by a positive definite scalar R. By adjusting the relative magnitudes of Q and
R, the designer can systematically trade-off between fast aggressive state regulation and conservative
energy-efficient actuation.

Physical and performance-based considerations guide the selection of Q and R. Bryson’s rule
provides a principled starting point, wherein each diagonal entry of Q is set as the inverse square of the
maximum acceptable deviation for the corresponding state variable. For the present system, a maximum
permissible cart displacement of 0.1 m, maximum cart velocity of 0.5 m/s, maximum pendulum angular
deviation of 0.05 rad (approximately 2.9°), and maximum angular velocity of 1.0 rad/s were specified
as design constraints. These limits translate into Q diagonal entries of 100 for the cart position, 4 for the
cart velocity, 400 for the pendulum angle, and 1 for the angular velocity, reflecting the primary
importance of angular stabilization over cart positioning. The control weighting scalar R was set to 0.01,
a relatively small value that reflects the design priority of rapid stabilization even at the cost of larger
control forces, appropriate given the inherent instability of the plant.

Solution of the Algebraic Riccati Equation

The optimal LQR gain matrix is obtained by solving the Continuous-time Algebraic Riccati Equation
(CARE), a matrix equation whose solution directly yields the optimal state feedback gains. The CARE
is a nonlinear matrix equation related to the state matrix, input matrix, cost weighting matrices, and an
unknown symmetric positive definite solution matrix. Provided that the system is stabilizable and the
cost matrices satisfy appropriate definite conditions, the CARE possesses a unique stabilizing solution.
The CARE is solved numerically in MATLAB using the built-in Iqr() function, which employs a Schur
decomposition-based algorithm that is known for its numerical reliability and efficiency. The positive
definiteness of the solution is guaranteed by the controllability and observability conditions established.
The existence of a unique stabilizing solution also requires the absence of purely imaginary eigenvalues
in the open-loop system and the strict positive definiteness of the control weighting scalar R, both of
which are satisfied in the present system.

Gain Matrix Calculation

The optimal LQR gain vector was computed by applying the lqr() function in MATLAB with the
numerically defined system matrices and weighting matrices. The resulting gain values, presented in
Table 2, consist of four components associated with the four state variables. The gain corresponding to
the cart position is negative and relatively small in magnitude, commanding a gentle restoring force
when the cart is displaced from the center. The gain in the cart velocity is also negative, providing
damping to the translational motion.
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Table 2. Computed LQR gain matrix values.
K1 (Cart position) K2 (Cart velocity) K3 (Pendulum angle) K4 (Angular velocity)
-7.0711 -8.4956 72.3148 18.6391

The dominant gain is associated with the pendulum angle and is large and positive, reflecting the
primary control objective of maintaining an upright pendulum. A positive pendulum angle, that is, a
pendulum leaning to the right, commands a large positive control force that pushes the cart to the right,
inducing an inertial reaction that drives the pendulum back to the vertical position. The gain in the
angular velocity provides angular damping, attenuating the oscillations of the pendulum during
stabilization.

STATE ESTIMATION DESIGN
Kalman Filter Design

In practice, the direct measurement of all four state variables is typically infeasible. Although the cart
position and pendulum angle can be measured directly using encoders or potentiometers, the cart and
angular velocities must be estimated from these measurements, particularly in the presence of sensor
noise and unmeasured external disturbances. The Kalman filter provides a theoretically optimal solution
to the state reconstruction problem for linear systems subject to Gaussian noise.

The Kalman filter operates on a stochastic model of the system that explicitly accounts for two
sources of uncertainty: process noise, representing unmodeled dynamics, actuator imperfections, and
external disturbances, and measurement noise, representing sensor inaccuracies and quantization errors.
The filter produces state estimates that minimize the mean squared estimation error by exploiting both
the dynamic model of the system and the statistical characteristics of the noise processes. The process
noise covariance matrix Qn and measurement noise covariance matrix Rn encode the designer’s
knowledge of the noise intensities. In this study, Qn is set to a small diagonal matrix reflecting minor
unmodeled dynamics, whereas Rn is set to an even smaller diagonal matrix reflecting the high precision
of the employed encoders.

The Kalman filter equations describe the predictor-corrector structure. In the prediction step, the filter
propagates the state estimate forward in time using the system model and the applied control input
without reference to new measurements. In the correction step, the filter updates the predicted estimate
by incorporating the discrepancy between the actual sensor measurement and the measurement
predicted by the model. The correction is weighted by the Kalman observer gain matrix L, which
balances the trust between the model prediction and sensor measurement. A large observer gains places
more weight on the measurements, whereas a small gain relies more heavily on the model prediction.

The steady-state Kalman observer gain matrix L is computed by solving the observer-side Algebraic
Riccati Equation using the MATLAB kalman() function. The resulting gain values are listed in Table
3. The observability of the system was confirmed by evaluating the observability matrix constructed
from the state and output matrices; this matrix achieved a full rank of four, confirming that all four
states were uniquely recoverable from the two available measurements. The observer poles—the
eigenvalues of the corrected system matrix—were located at approximately minus 12.48 plus or minus
15.54j, minus 29.37, and minus 45.83, placing them approximately five times farther from the
imaginary axis than the closed-loop regulator poles. This ensures that the state estimation converges
significantly faster than the overall closed-loop response, preventing the estimation lag from degrading
the control performance.

The estimation error dynamics, governed by the difference between the true and estimated state
trajectories, satisfy a linear differential equation driven by the process and measurement noise. Because
the corrected system matrix is made by Hurwitz by the Kalman design procedure, the estimation error
converges exponentially to zero in the absence of noise and remains statistically bounded in the presence
of stochastic excitation.
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Table 3. Steady-state Kalman observer gain matrix L.

L11 L21 L31 L41
12.4362 43.8791 -8.2413 -21.6047
L12 L22 L32 L42
3.1075 9.4832 52.1384 31.7629

Table 4. Closed-loop eigenvalues of the LQR-controlled system.

Eigenvalue index Value Interpretation
lambda-1 -2.4721 +3.1082; Damped oscillatory mode
lambda-2 -2.4721 - 3.1082j Conjugate pair

lambda-3 -5.8934 Fast, stable real mode
lambda-4 -9.1563 Fastest stable real mode
STABILITY ANALYSIS

Rigorous stability analysis was conducted for the combined LQR-Kalman controlled system using
two complementary approaches: eigenvalue analysis of the closed-loop system matrices and
Lyapunov’s direct method.

Closed-Loop Eigenvalue Analysis

The stability of the LQR-controlled system was assessed by computing the eigenvalues of the closed-
loop state matrix, which was formed by subtracting the product of the input matrix and LQR gain vector
from the open-loop state matrix. Each eigenvalue of this closed-loop matrix represents a characteristic
mode of the controlled system. The system is asymptotically stable if and only if all eigenvalues have
strictly negative real parts, meaning that they lie entirely in the open left-half complex plane.

The four closed-loop eigenvalues computed for the present system are listed in Table 4. All four
values had strictly negative real parts, confirming asymptotic stability. The complex conjugate pair at
approximately minus 2.47 plus minus 3.11j corresponds to a damped oscillatory mode with a natural
frequency of 3.97 rad/s and a damping ratio of 0.622, indicating well-damped behavior without
excessive sluggishness. The two real eigenvalues at approximately —5.89 and —9.16 correspond to fast
non-oscillatory modes that contribute to rapid transient decay without introducing oscillation. The
overall placement of these eigenvalues reflects a carefully balanced trade-off between the response
speed, oscillatory damping, and control energy expenditure, as encoded in the Q and R matrices.

Lyapunov Stability Analysis

To provide a rigorous certificate of asymptotic stability beyond eigenvalue analysis, Lyapunov’s
direct method is applied. This approach proves stability without requiring an explicit solution of the
system’s differential equations by identifying a scalar energy-like function of the system states—called
a Lyapunov function—that is positive definite (positive everywhere except at the equilibrium) and
strictly decreasing along all system trajectories. The LQR framework inherently yields such a function
through the positive definite solution matrix of the Algebraic Riccati Equation.

By substituting the closed-loop system matrix into the time derivative of this candidate Lyapunov
function and using algebraic identities derived from the Riccati equation, the time derivative is shown
to be negative definite, which means that it is strictly negative for all non-zero state values. This
confirms that the energy-like measure of the system’s deviation from equilibrium decreases
monotonically along every trajectory, guaranteeing that all trajectories converge asymptotically to the
origin. The convergence rate is bound below by a quantity determined by the weighting matrices and
the Riccati solution, ensuring exponential convergence.

Estimation Error Convergence and Separation Principle
The full augmented closed-loop system, incorporating both the state feedback controller and Kalman
filter observer, can be described by a block-triangular structure. This structure reveals that the
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eigenvalues of the complete augmented system are simply the union of the eigenvalues of the closed-
loop regulator and the eigenvalues of the observer, with no interaction between the two sets. This
fundamental result, known as the separation principle of linear stochastic control, guarantees that the
regulator and estimator subsystems can be designed independently without compromising the stability
of the combined system. Provided that both the regulator gains and Kalman gains ensure the stable
operation of their respective subsystems, the complete LQR-Kalman architecture is guaranteed to be
asymptotically stable.

SIMULATION SETUP

All simulations were conducted in MATLAB R2023b using the Simulink Control Design toolbox.
The nonlinear plant model is implemented as a Simulink S-function to ensure an accurate representation
of the true nonlinear system dynamics, whereas the LQR controller and Kalman filter operate on the
linearized model. This configuration enables a realistic assessment of the performance under the
linearization approximation, as the controller encounters the true nonlinear plant rather than an idealized
linear model. The simulation conditions are listed in Table 5.

The MATLAB Iqr() function computes the optimal gain matrix K from the system matrices and
weighting matrices Q and R, simultaneously returning the Riccati equation solutions. The kalman()
function similarly computes the observer gain matrix L from the augmented system description and
noise covariance matrices Qn and Rn.

The resulting LQG controller was implemented as a discrete-time state-space block with a sample
time of 0.001 s, interfacing with the continuous-time nonlinear plant model through a zero-order hold
discretization scheme. The initial conditions were set to a cart displacement of 0.1 m and a pendulum
angle of 10° (approximately 0.1745 radians), representing a realistic perturbation from equilibrium that
tests the controller without exceeding the validity of the linearized design model.

RESULTS AND DISCUSSION
Open-Loop Response

Figure 1 illustrates the open-loop, uncontrolled response of the inverted pendulum system, starting
from the specified initial conditions. As predicted by the positive open-loop eigenvalue at
approximately 4.852 rad/s, the pendulum angle diverged exponentially from its initial 10° perturbation,
reaching +£90° within approximately 0.47 s and exceeding the physical bounds of the apparatus within
0.6 s. The cart position diverges similarly owing to the strong coupling between the translational and
rotational dynamics. This behavior confirmed the absolute necessity of active feedback control and
provided a baseline reference for evaluating the effectiveness of the proposed LQR-Kalman scheme.

LQR-Controlled Response

Figures 2—4 present the closed-loop response of the LQR-Kalman-controlled system under the
specified initial conditions. The pendulum angle response shown in Figure 2 demonstrates rapid
stabilization from the initial 10° perturbation, converging to within +0.5° of the upright equilibrium
within 1.82 s with a peak overshoot of only 3.7%.

Table 5. Simulation conditions and initial state configuration.

Parameter Value Unit
Simulation duration 10 s

Sample time 0.001 S

Initial cart position 0.1 m

Initial cart velocity 0 m/s
Initial pendulum angle 10 deg (0.1745 rad) rad

Initial angular velocity 0 rad/s
Process noise covariance diag(0.01, 0.01, 0.01, 0.01) —
Measurement noise covariance diag(0.001, 0.001) —
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The response exhibited a well-damped behavior consistent with the complex eigenvalue pair,
achieving an excellent balance between the response speed and oscillatory attenuation. No sustained
oscillations or limit cycles were observed after the initial transient.

The cart position response presented in Figure 3 shows the cart returning from its initial displacement
of 0.1 m to a setpoint of zero within approximately 2.1 s. A small oscillatory transient in the cart
trajectory was observed during the pendulum stabilization phase, reflecting the physical coupling
between the angular and translational dynamics. This transient decayed monotonically thereafter, and
the cart displacement remained within the practical operating constraint of 0.5 m throughout the entire
simulation, confirming the physical feasibility of the control action [15-19].
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Figure 1. Open-loop divergent response: pendulum angle and cart position versus time (uncontrolled
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Figure 4. State estimation performance: actual versus Kalman-estimated states—all four state variables.

The control force profile revealed an initial peak of approximately 8.7 N at the start of the simulation,
which rapidly modulated as the controller responded to the angular and positional errors. The control
force magnitude decreased exponentially as the system approached equilibrium, falling below 0.5 N
after 3 s. The total control effort, quantified as the integral of the squared control signal over the
simulation duration, was 18.43 N-s. No actuator saturation was observed under the specified initial
conditions, confirming that the designed controller was practically implementable with standard
electromagnetic actuators [20—24].

State Estimation Performance

Figure 4 compares the actual and Kalman-estimated values of all four state variables throughout the
simulations. For the two directly measured outputs, cart position and pendulum angle, the estimation
errors are on the order of 1073, driven purely by the Kalman filter’s optimal smoothing of measurement
noise. For the two unmeasured states, cart velocity and angular velocity, the estimator began with zero
initial estimates and converged to the true state trajectories within approximately 0.15 s, well before the
peak of the control transient. Following this initial convergence phase, all estimation errors remained
below 0.5% of the respective state magnitudes. The fast observer eigenvalues ensure that the estimation
convergence is approximately five times faster than the closed-loop regulator settling, satisfying the
standard observer design guideline and preventing the estimation lag from degrading the control
performance [25-30].

Performance Comparison with PID

A benchmark PID controller was designed for a direct comparison. The tuning process employed the
Ziegler-Nichols method as an initial reference, followed by systematic manual refinement to achieve
the best attainable performance, specifically for the inverted pendulum configuration. The angle
stabilization loop was tuned with a proportional gain of 35.2, integral gain of 2.8, and derivative gain
of 8.6, whereas a secondary position regulation loop used a proportional gain of 1.2, integral gain of
0.3, and derivative gain of 0.4. Figure 5 presents a direct comparison of the pendulum angle responses
under LQR-Kalman and PID controls for identical initial conditions.

The PID controller achieved stabilization with a settling time of 3.54 s and exhibited a pronounced
overshoot of 22.1%, reflecting the inherent difficulty of tuning independent single-input single-output
loops for a tightly coupled multivariable system. The larger transient excursions associated with the
PID response required substantially greater control effort, resulting in a total of 34.87 N-s, nearly double
the LQR-Kalman value. The LQR-Kalman scheme surpassed the PID controller across all evaluated
performance metrics, as summarized in Table 6.
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Table 6. Performance metrics comparison—LQR-Kalman versus PID controller.

Controller

Settling time (s)

Overshoot (%)

Control effort (Ns)

Stability margin (dB)

LQR + Kalman

1.82

3.7

18.43

12.6

PID (tuned)

3.54

22.1

34.87

6.2

0.3

A — LQR-Kalman
02 |int |--- PID
2 TS ‘
\

0.17p

Pendulum angle (rad)

0 05 10 15 20 30 35 40 45
Time (s)
Figure 5. Performance comparison: LQR-Kalman versus PID pendulum angle response—identical
initial conditions.

The stability margin advantage of the LQR-Kalman controller, at 12.6 dB compared to 6.2 dB for the
PID controller, indicates a substantially greater robustness against unmodeled dynamics and plant
parameter perturbations. This advantage arises from the guaranteed gain and phase margins of the LQR
design, properties that are not generally ensured by empirical PID tuning procedures and that confer
practical reliability in the face of real-world uncertainties.

ROBUSTNESS ANALYSIS

Practical deployments of control systems inevitably encounter discrepancies between the nominal
design model and the true physical plant, which arise from manufacturing tolerances, component wear,
and environmental variations. Therefore, a systematic robustness analysis is conducted independently
perturbing each physical parameter by £20% of its nominal value while maintaining the fixed LQR-
Kalman gains designed for the nominal system.

When the cart mass is varied from 0.4 kg to 0.6 kg (£20%), the closed-loop settling time changes
from 1.65 s to 2.03 s, a variation of approximately +11.5%, and the peak overshoot ranges from 2.9%
to 5.1%.

A similar tolerance was exhibited for perturbations in the pendulum mass, with the settling time
varying between 1.71 s and 1.96 s. The pendulum length was found to be the most sensitive parameter;
a 20% reduction to 0.24 m resulted in the closest approach of a closed-loop pole to the imaginary axis,
with a real part of approximately minus 0.83 per second. Despite this sensitivity, closed-loop stability
was maintained throughout the entire £20% parameter variation envelope for all system parameters.
The friction coefficient has a minimal influence on stability across its variation range, as expected from
its relatively small contribution to the linearized dynamics at the operating point.

The noise disturbance robustness was assessed by injecting Gaussian measurement noise with
standard deviations of 5 mm for the cart position and 0.5° for the pendulum angle. The Kalman filter
effectively attenuated this noise without significantly degrading the closed-loop performance metrics.
Under colored noise modeled as a first-order Markov process with a correlation time of 0.05 s,
estimation errors increase by approximately 15% compared to the white noise case, while closed-loop
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stability and settling time remain within acceptable bounds. Impulse disturbances applied to the cart
with a magnitude of 5 N over a duration of 0.1 s were rejected with a disturbance settling time of
approximately 0.8 s and a maximum resultant pendulum deviation of 2.3° from the vertical,
demonstrating a robust disturbance rejection capability.

The observer robustness is evaluated by operating the Kalman filter under noise covariance
conditions that deviate from the assumed design values. When the actual process noise covariance
exceeds the design value by a factor of ten, the estimation errors increase proportionally but remain
statistically bounded, and the closed-loop system retains stability throughout. The separation principle
ensures that the degradation of the estimator accuracy does not cascade directly to closed-loop
instability, provided that the estimation errors remain small relative to the state magnitudes. These
results collectively confirm that the LQR-Kalman architecture provides meaningful robustness margins
that are suitable for practical implementation.

CONCLUSION

This paper presents a comprehensive theoretical and simulation-based investigation of the LQR
combined with Kalman filter state estimation for optimal stabilization of a cart-pole inverted pendulum
system. The complete design pipeline, encompassing nonlinear Lagrangian modeling, equilibrium
linearization, systematic LQR-Kalman synthesis, rigorous stability certification, and extensive
simulation validation, was presented with explicit numerical results for all design parameters and
performance metrics.

The principal findings confirm that the LQR-Kalman controller achieves asymptotic stabilization of
the unstable upright equilibrium with a settling time of 1.82 s and a peak overshoot of 3.7%, compared
to 3.54 s and 22.1% for the PID baseline, representing improvements of 48.6% and 83.3%, respectively.
The optimal control framework simultaneously reduced the total control effort by 47.1%, demonstrating
the effectiveness of quadratic cost minimization in promoting energy-efficient actuation. Closed-loop
stability is rigorously certified through both eigenvalue analysis, confirming that all closed-loop poles
are located in the left-half complex plane, and Lyapunov’s direct method, confirming the existence of
a valid energy-decreasing Lyapunov function. The Kalman filter achieves an accurate reconstruction of
all four state variables, with unmeasured velocity states converging to their true values within 0.15 s
and steady-state estimation errors below 0.5%. The control architecture demonstrated robust
performance under £20% parameter perturbations and realistic measurement noise, maintaining closed-
loop stability and acceptable performance throughout the uncertainty envelope.

Therefore, the LQR-Kalman framework constitutes a technically superior alternative to classical PID
control for the stabilization of the inverted pendulum and analogous unstable underactuated mechanical
systems, offering a systematic design methodology, certifiable optimality and stability guarantee, and
demonstrated practical robustness.

FUTURE SCOPE

Several extensions of the present work are envisioned to address the limitations of linear optimal
control and broaden its applicability to more physically representative scenarios. The application of
nonlinear LQR implemented via State-Dependent Riccati Equation methods would extend the region
of attraction beyond the small-angle domain by iteratively updating the optimal gains as the operating
point changes, eliminating the performance degradation caused by linearization for large initial
disturbances or wide operating ranges. Model Predictive Control with explicit state and input constraints
offers a natural extension that handles actuator saturation and operating limit enforcement in a
principled optimization framework at the cost of increased online computational complexity. Recent
advances in embedded MPC solvers have made this increasingly viable for real-time hardware
implementation.
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Hardware-in-the-loop and physical implementation on a real cart-pole test platform would validate
the simulation results against real-world effects, including Coulomb friction, motor electromagnetic
dynamics, encoder quantization, communication latency, and mechanical compliance—effects that are
not captured by the simulation model. Adaptive optimal control using online parameter estimation
combined with recursive Riccati equation updates would enable self-tuning gains that accommodate
slowly time-varying plant parameters, gradual wear, and operating point shifts without requiring
periodic offline system identification campaigns. Finally, the extension of the present framework to
higher-dimensional unstable systems, including the double inverted pendulum and three-dimensional
spherical pendulum configurations, would assess the scalability of the LQR-Kalman architecture and
its relevance to humanoid robot balance control and aerospace attitude stabilization applications.
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