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Abstract

The discrete data available in any field of knowledge is influenced by several known and unknown
factors and the factors which affect the discrete data are stochastic. The stochastic nature of discrete
data is a challenge for statisticians to model and analyze with the existing discrete distributions. In the
present paper, Poisson-Uma distribution, the Poisson compound of Uma distribution, has been
proposed to model over-dispersed data of thunderstorm events. The descriptive statistical constants
based on moments of the proposed distribution have been studied. Over-dispersion, increasing hazard
rate, and unimodality of the distribution have been discussed. One of the important characteristics of
the Poisson-Uma distribution is that although it is also a mixture of geometric and negative binomial
distributions its nature does not exhibit multiple modes. The method of moment and maximum likelihood
estimation for estimating parameters has been studied. The applications of the distribution to model
thunderstorm events for June, July, August, and summer have been discussed. The proposed distribution
shows a much better fit than the Poisson-Lindley distribution and the Poisson-Sujatha distribution.
Therefore, Poisson-Uma distribution can be considered an important over-dispersed distribution for
modeling over-dispersed data of thunderstorm events.

Keywords: Uma distribution, compounding, statistical properties, maximum likelihood estimation,
goodness of fit

INTRODUCTION
The search for a suitable distribution to model thunderstorm events is very challenging because
thunderstorm events are affected by high winds, lighting, extreme turbulence, and combinations of
environmental conditions, including unstable air with high moisture content and some type of lifting
action during summer months. Initially, Falls et al. (1971) [1] and Carter et al. (2001) [2] discussed in
detail the modeling of thunderstorm events and proposed a compound negative binomial-positive
binomial distribution. However, because of the complexity of the probability mass function (pmf) of
the compound negative binomial-positive binomial distribution and difficulty in the estimation of
parameters, the distribution has not attracted the attention of researchers. The search for a suitable and
compact distribution that can provide a good fit for
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thunderstorm events is a challenging task. Because
the data relating to thunderstorm events are discrete
and over-dispersed, an over-dispersed discrete
distribution is required.

We know that the Poisson distribution is an
appropriate distribution for equi-dispersed (mean
equal to variance) data. However, in real-life
situations, stochastic datasets are either over-
dispersed (variance greater than mean) or under-
dispersed (variance less than mean). Recently,
researchers have attempted to derive an over-
dispersed one-parameter discrete distribution by
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compounding the Poisson distribution with one-parameter continuous lifetime distributions. A popular
one-parameter over-dispersed discrete distribution is the Poisson-Lindley distribution (PLD) suggested
by Sankaran (1970) [3]. The PLD is a Poisson compound of the Lindley distribution (LD) proposed by
Lindley (1958) [4]. LD is defined by its probability density function (pdf) and cumulative distribution
function (cdf):

2
fit0) =~ (1 +x)e x> 0,6 >0 (1)
—1_ Ox ) -ox.
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Ghitany et al. (2008) [5] conducted a detailed study on the characterization of the Lindley distribution
and showed that the Lindley distribution provides a much better fit than the exponential distribution for
the data relating to the waiting time of a customer at a bank because the hazard rate of the Lindley
distribution is not constant, such as the hazard rate of the exponential distribution. The PLD is defined
by its pmf:

02(x+6+2)
(6+1)x+3 7

P(x,0) = =012,...,6 >0. ©)

Various descriptive properties and estimation methods of PLD have been discussed by Sankaran
(1970) and Ghitany and Al-Mutairi (2009) [6], and it has been shown that PLD has an over-dispersed
distribution. While testing the goodness of fit of PLD for thunderstorm events, it was observed that
although PLD has an over-dispersed discrete distribution, it does not provide a good fit. Shanker and
Hagos (2015) [7] extensively studied the applications of PLD for overdispersed data. In recent decades,
several lifetime distributions have been proposed, and the Poisson compound of these lifetime
distributions provides overdispersed discrete distributions. The Sujatha distribution (SD) is the one-
lifetime distribution proposed by Shanker (2016) [8], which provides a better fit than the exponential
and Lindley distributions. The SD is defined by its pdf and cdf.

3
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Shanker (2016) [9] also derived the Poisson compound of the Sujatha distribution and named it the
Poisson-Sujatha distribution (PSD), which is also an over-dispersed discrete distribution. The PSD is
defined by its pmf:

63 x2+(0+4)x+(0%+360+4)
02+6+2 (6+1)x+3 ’

P(x;60) = x=012,...,6 >0 (6)

Similar to PLD, PSD is also an over-dispersed discrete distribution. Shanker and Hagos (2016) [10]
conducted extensive studies on the applications of PSD for modeling over-dispersed discrete data from
biological sciences and found that PSD provides a much better fit than PLD. Furthermore, it has been
observed that PSD does not provide a satisfactory fit for the data relating to thunderstorm events, and
this is an indication that the search for an over-dispersed discrete distribution should continue, which
should provide a better fit for thunderstorm events than PLD.

Shanker (2022) [11] proposed a one-parameter lifetime distribution called the Uma distribution (UD),
defined by its pdf and cdf.
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Detailed studies of Uma distribution are available in Shanker (2022). Shanker et al. (2023, 2023) [12,
13] also proposed the weighted Uma distribution and power Uma distribution and discussed their
statistical properties and applications in different fields of knowledge.

The main purpose of this study was to derive an over-dispersed discrete distribution, which is a
compound of Poisson and Uma distributions. The derivation of the compound of the Poisson
distribution with the Uma distribution lies in the fact that the Lindley distribution provides a better fit
than the exponential distribution, and the Sujatha distribution provides a better fit than the Lindley
distribution, and it is expected that their corresponding Poisson compound will provide a better fit.
Descriptive statistical constants based on moments were studied. Overdispersion, unimodality, and
increasing hazard rate of the derived distribution have been discussed. The estimation of the parameters
of the proposed distribution is discussed using the method of moment and maximum likelihood.
Applications and a good fit of the proposed distribution were also presented.

POISSON-UMA DISTRIBUTION
Let Xfollows Poisson distribution with parameter A > 0 having pmf

/1/1

P(X|) =L ;x=0,1,2,.

Now suppose the parameter Afollows Uma distribution with parameter 6 having pdf
f(110) = 92 6(1 +214+23e %1>0,0>0
Thus, the marginal pmf of X can be obtained as

P(X =x) = [ P(X|D)f(A]6)dA = f‘“ — 93+92+6 (1+ 21+ 23)e 0%da (9)
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We would call this distribution as Poisson-Uma distribution (PUD). Furthermore, we would show
that the pmf of PUD is over-dispersed, unimodal, and has an increasing hazard rate. The pmf of PUD
for varying values of parameter has been shown in Figure 1, and it reveals that as the value of parameter
increases, the distribution becomes positively skewed and over-dispersed.

The pmf of the PUD for varying values of the parameter is shown in Figure 1.
In general, a PUD is a three-component mixture distribution that can be expressed as
P(x;0) = p1P1(x; 0) + p2Po(x; 0) + p3P3(x; 6),

~ Where, P;(x; 8)is the pmf of the negative binomial distribution (NBD) with the number of successes

I and with certain proportions. When i = 1, P;(x; 8)is the pmf of the geometric distribution (GD),
which is a special case of NBD. The formulae for p;, p,, p; and P;(x; 6)for i = 1,2,3 are given by
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Figurel. pmf of PUD.
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Even though the PUD is a three-component mixture of NBD, the presence of three modes is not
noticeable in any of the plots of pmf of PUD in Figure 1 for the selected values of the parameter 6. This
indicates that the three modes from the three subpopulations must be located close to each other.
Tajuddin et al. (2022) [14] observed that if the modes of the sub-populations are located very close to
each other, the population will have a single mode. This means that the distribution in which the

existence of the modes of the sub-populations, each with very close mode values, is certain can be a
model for over-dispersed data.

DESCRIPTIVE STATISTICAL CONSTANTS
Using Equation 9, the I th factorial moment about origin, Kr) " of the PUD can be obtained as

e~ Aax
x!

' 4 o0
Hey' = E[EXPI)] = o Jy [Z50x®
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e~ Ayx-r
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_ rfe3+r+1)02+(r+D(r+2)(r+3)}
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Substituting r = 1,2,3 and 4 in Equation 11, the first four factorial moments about the origin of the
PUD can be obtained as

r_ 634202424 +_ 2(8°+362+60)
H) = ge3vezre) @ = p2(63162+0)

+ 6(6%+46%+120) +_ 24(03+56%+210)
3 = Tg33rez+6) ' HW T Tgae310%16)

The relationship between moments about the origin and factorial moments about the origin gives the
following four moments about the origin:

P 03+202%+24
M1 = Ge3+o7+0)

r 0%*+463+602+246+120
2 = g2p5102+6)

' 05+80*+2403+4802+3600+720
Hs = 63(63+0%+6)

1 0°+160°+786*+19203+96002+43200+5040
Ha 94(03+6%+6) '

Using the relationship between moments about the mean and the moments about the origin, moments
about the mean are obtained as:
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The descriptive measures of PUD, including the coefficient of variation (C.V), skewness, kurtosis,
and index of dispersion, are obtained as:

cy=2 — V67 +466+605+3204+12003+6002+14460+144

Hy 03+262+24
(911+791°+2269+6898+37297+95296+108095+252094+216093)
/_,81_ M3 \4+172862%+25926+1728
- 3 — 3
(ux)? (87+4606+605+3204+12003+6002+1440+144)2

015+1501*+870134+30001%+1402011+640461°+153480°+2937668
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Uy

B, = — \+1866240+93312
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vy = w 0(03+02+6)(63+2602+24)
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Graphical presentations of these descriptive measures of PUD for varying values of parameters are
shown in Figure 2. The coefficient of variation, skewness, and kurtosis increased, and the index of
dispersion decreased with increasing parameter values.

o
o«
0|
L1 I & |
(&)
C
o o
@ o
>
T w |
2 -
@D
o o |
=
@D
(=]
O w |
(]
o |
(o]
I I I I I
0 1 2 3 4
6
o
[as]
n |
o ™
[i}]
[
= o |
[ |
"y
w
w_ LD
°
[
2 o |
S -
2
Lo
UCJ'—
o |
(=]
[ [ [ [ [
0 1 2 3 4
8
wn
B
£ o
:"‘_
>
=
[e]
2
[
@
G
E 0 -
m - -
[8]
QO
D_
T T T T T
0 1 2 3 4
8

© STM Journals 2024. All Rights Reserved 26



The Poisson-Uma Distribution with Properties and Applications Shanker and Shukla

Index of dispersion
2
l

| | T | |
0 1 2 3 4

]
Figure 2. Coefficients of variation, skewness, kurtosis, and index of dispersion.

STATISTICAL PROPERTIES
Overdispersion
We have

0" +46° +60° + 320" +1206° + 6067 +1440 +144
& (6°+6° +6)2

Ho =

P +20° +24 | 07 +46° +66° + 320" +1200° +600° +1440 +144
9(93 +6° +6) 9(93 +6? +6)(93 + 202 +24)

O +20°+24 | 6°+46° +20" +846° +606° +144
= 1+
9(93 +6° +6) 9(93 +6° +6)(93 + 202 +24)

e 0° +46° + 20" +846° +600% +144
& 0(6’3+92+6)(03+292+24)

This shows that u, > p; and thus PUD is always over-dispersed distribution. Therefore, PUD can be
used for discrete datasets that are overdispersed in nature.

Increasing Hazard Rate and Unimodality
It can easily be shown that PUD has an increasing hazard rate (IHR) and is unimodal. Because
P(x+10) _ L[ 3x2+15x+(0%+260+14)
P(x,0) 6+1 x3+6x2+(02420+12)x+(03+462%2+56+8)
0,P(x, 0)is log-concave. This implies that PUD has an increasing hazard rate and that it is unimodal.
Grandell (1997) [15] discussed the relationship between log-concavity, IHR, and the Unimodality of

discrete distributions in detail.

is a decreasing function of xfor a given

ESTIMATION OF PARAMETER
Method of Moment Estimate
Let x4, x5, ..., x,be a random sample of size nfrom PUD. Equating the first moment about the origin

to the corresponding sample moment, the moment estimate (ME) 8 of @ is the solution to the following
fourth-degree polynomial equation:
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x0* + (x — 1)0% — 262 + 60x — 24 = 0, where x is the sample mean.

This equation can be solved using the Newton-Raphson method to obtain an estimate of the
parameter.
Maximum Likelihood Estimate

Let x4, X5, ..., x,be a random sample of size N from PUD, and let £, be the observed frequency in the
sample corresponding to X = x(x = 1,2,3,...,k) such that ¥*_, f, = n, where Kis the largest
observed value with non-zero frequency. The likelihood function L of the PUD is given by

_ o* \" 1 k 3 2 2 3 2 fr
L= (50) s el + 67 + (07 420 + 12)x + (6 + 40° + 50 + 8)]

The log -likelihood function is obtained as

94—
logL =nlog (m) — Yk fi(x+4)log(®+1)
k
+fo log[x3 + 6x% 4+ (0% + 20 + 12)x + (83 + 462 + 56 + 8)]
x=1
The first derivative of the log -likelihood function is given by

dlogL _ 4n  n(36%+260) n(i+4)

- k
de 0 03+602+6 0+1 +Zx:1x

[2(6+1)x+(36%2+86+5)|fy
3+6x2+(02+420+12)x+(83+402+50+8)

Where, x is the sample mean.

The maximum likelihood estimate (MLE), 8 of 6 is the solution of the equation % =0andis

given by the solution of the nonlinear equation:
an n(36%+20) _ n(x+4)

_ k
6 63+62+6 6+1 +Zx=1x

[2(6+1)x+(36%+86+5)]fy -0
34+6x2+(02+20+12)x+(03+462+50+8)

Because these log-likelihood equations are not expressible in closed form, the MLE of the parameter
6 can be computed iteratively by solving the log-likelihood equation using the Newton-Raphson

iteration available in the R software. The initial value of the parameter 0 may be taken as the value
given by the method of moment estimation.

GOODNESS OF FIT

The applications of PUD have been discussed using four-count datasets relating to over-dispersed
thunderstorm events. The goodness of fit of the PUD was compared with the one-parameter over-
dispersed distributions, including PLD and PSD. The expected values given by the PLD and PSD are
listed in the table for comparison. It is very clear based on values of chi-square from the goodness of fit
presented in Tables 1, 2, 3, and 4 that PUD provides a better fit than PLD and PSD.

Table 1. Observed and expected number of days experienced X thunderstorm events at Cape
Kennedy, Florida for the 11 years of record for June, January 1957 to December 1967, Falls et al.

1971) [1].

No. of thunderstorms | Observed frequency PLD PSD PUD
0 187 185.3 186.4 187.5
1 77 83.5 82.3 80.6
2 40 35.9 35.5 354
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No. of thunderstorms | Observed frequency PLD PSD PUD
3 17 15.0 15.0 15.4

4 6 6.1 6.3 6.5

5 2 2.5 2.6 2.7

6 1 1.7 1.9 1.9

Total 330 330 330 330

ML estimate 6 =1.8042 |6 = 1.6790 | § = 2.4866
ZZ 1.43 1.48 1.32
d.f. 3 3 3

p-value 0.6985 0.6869 0.7243

Table 2. Observed and expected number of days experienced X thunderstorm events at Cape
Kennedy, Florida for the 11 years of record for July, January 1957 to December 1967, Falls et al.

1971) [1].

No. of thunderstorms | Observed frequency PLD PSD PUD
0 177 177.7 178.7 179.4

1 80 88.0 86.9 85.1

2 47 415 41.0 41.1

3 26 18.9 18.9 195

4 9 8.4 8.6 9.0

5 2 6.5 6.9 6.9

Total 341 341 341 341

ML estimate 6 =1.5835 | § =1.4972 | § = 22750
ZZ 5.15 5.41 4.86
d.f. 3 3 3
p-value 0.1611 0.1441 0.1824

Table 3. Observed and expected number of days experienced X thunderstorm events at Cape
Kennedy, Florida for the 11 years of record for August, January 1957 to December 1967, Falls et al.

1971) [1].

No. of thunderstorms | Observed frequency PLD PSD PUD
0 185 184.8 186.0 187.1

1 89 87.2 86.1 84.3

2 30 39.3 38.8 38.6

3 24 17.1 17.1 17.6

4 10 7.3 7.4 7.8

5 3 5.3 5.6 5.6

Total 341 341 341 341

ML estimate 6 =1.6934 | 6 =1.5867 | 6 =2.3844
ZZ 5.03 4.87 4.54
d.f. 3 3 3

p-value 0.1696 0.1816 0.2087

Table 4. Observed and expected number of days experienced X thunderstorm events at Cape
Kennedy, Florida for the 11 years of record for the summer, January 1957 to December 1967, Falls et

al. (1971) [1].

No. of thunderstorms | Observed frequency PLD PSD PUD
0 549 547.5 550.8 553.7
1 246 259.0 255.7 250.2
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No. of thunderstorms | Observed frequency PLD PSD PUD
2 117 116.9 1155 115.3

3 67 51.2 51.1 52.5

4 25 21.9 22.3 23.3

5 7 9.2 9.6 9.6

6 1 6.3 7.0 7.0
Total 1012 1012 1012 1012

ML estimate 0 =1.6889 | § =15824 | 6 =2.3766
zz 9.60 10.09 9.02
d.f. 4 4 4

p-value 0.0477 0.0389 0.0606

CONCLUDING REMARKS

In this paper, a Poisson compound of the Uma distribution called the Poisson-Uma distribution (PUD)

has been suggested. The coefficients of variation, skewness, kurtosis, and index of dispersion were
obtained, and their behaviors were studied. The obtained distribution is unimodal, has an increasing
hazard rate, and is overdispersed. The method of moment and maximum likelihood estimation is
discussed for estimating the parameter. The goodness of fit of the proposed distribution and its
comparison with the Poisson-Lindley distribution (PLD) and Poisson-Sujatha distribution (PSD) on
four datasets relating to thunderstorm events were studied.
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