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Abstract 

The Beddington-DeAnglis and Holling type II functional response with prey refuge are used in this 
study to propose and assess a prey-predator system. This study looks at the ecological effects of prey 
refuge and how it affects predator-prey relationships, highlighting how functional responses influence 
population dynamics. The dynamical behavior of the model has been shown, which consist the existence 
of positivity, boundedness, local stability, and global stability. In addition, stability is derived using the 
Routh-Hurwitz criterion. The effect of the attack rate of generalist predators on specialist predators, 
the biological effect of the attack rate and the inhibitory effect are discussed. Hopf bifurcation is 
discussed with carrying capacity𝑘1. Moreover, the Center Manifold theorem has been used to establish 
the stability of non-hyperbolic equilibrium sites. Simulations are carried out using MATLAB's ODE45 
solver for numerical validation and to see the model's dynamic behavior. These findings validate the 
theoretical theory and provide examples of a range of dynamical situations, such as oscillatory behavior 
and stability transitions, which is a powerful approach to exploring the dynamic behavior of ecological 
models. Numerical findings are also provided to demonstrate our analysis. Lastly, conclusion has been 
given. With potential uses in conservation biology and resource management, the study adds to the body 
of literature on ecological modeling by offering a sophisticated method for examining intricate 
predator-prey relationships. Overall, by providing a sophisticated framework for comprehending 
intricate predator-prey dynamics, this study advances the field of ecological modeling. The results offer 
insights into how behavioral adaptations and ecological restrictions might impact predator-prey 
interactions, which may find use in conservation biology and resource management. 
 
Keywords: Prey-predator system, boundedness, stability, global stability, bifurcation, center manifold 
theorem 
 
 
INTRODUCTION 

In ecology, interactions between predators and prey occur at higher trophic levels and predators can 
affect prey populations directly and indirectly [1, 2]. Refuge shows an important part in prey predator 
model system. Also, if prey species are in large number, they have refuge ability by creating herds, it 

shows decreased predation of the prey [3-5]. By 
including prey refuge, one aims to account for a 
portion of the prey population that is inaccessible to 
predators, reducing the effective prey availability. 
This can influence the form and strength of the 
functional response[6,7]. In ecological research, 
understanding how prey species avoid predation is 
crucial. One significant strategy is the use of 
refuges, which are areas or conditions that provide 
safety from predators [27-29]. The predator's 
indirect influence involves the prey population, 
which has the potential to alter prey behavior, the 
predator's direct effect involves predating the prey 
[8-10]. 
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Food chains in ecosystems where one prey interacts with multiple predators, leading to highly 

nonlinear interactions. This is indeed a complex system that requires models capable of handling these 

nonlinearities, especially through nonlinear functional responses. Functional responses like Holling 

type I-IV, Ivlev, Crowly-Martin, Beddinton-DeAngelis, etc. are major aspect of the ecological model 

system that are used in many biological studies [11-18]. By altering the predator’s functional reaction 

to prey density, prey refuge can have a substantial impact on predator-prey dynamics in ecological 

modeling. In order to comprehend energy transfer between trophic levels, functional responses like 

Holling I, II, III and IV functional responses explain how the rate of predation (i.e., prey consumption 

per predator) varies with prey density. By lowering the effective prey density that predators encounter, 

prey refuge places or circumstances where animals are less susceptible to predation can change this 

dynamic [19-26]. 

 

The dynamics of a three-species food chain model which consists of prey, specialist predator, and 

generalist predator are the main focus of our research. The Routh-Hurwitz criterion, which establishes 

stability constraints based on the characteristic polynomial of the system, is used to determine local 

asymptotic stability. Lyapunov functions, which aid in proving stability across the whole phase space, 

are used to illustrate global asymptotic stability. After that, we have established Hopf bifurcation. In 

cases where the equilibrium points are non-hyperbolic meaning they have at least one eigenvalue with 

zero real part the system's stability cannot be determined solely by the sign of eigenvalues, as standard 

methods like the Routh-Hurwitz criterion are not applicable. This is where the Center Manifold 

Theorem becomes essential. Lastly, a few numerical simulations and graphical explanations are 

provided for each of the analytical results of this work. This is a more realistic and comprehensive 

approach, as it mirrors complex food web structures found in many ecosystems. In ecological research, 

understanding how prey species avoid predation is crucial. One significant strategy is the use of refuges, 

which are areas or conditions that provide safety from predators. 

 

Motivation and Novelty 

In our paper formulation of mathematical model based on three species food chain with prey refuge 

have been studied using Beddington DeAnglis and Holling type II functional responses. The 

Beddington-DeAnglis and Holling type II responses are especially helpful in modeling situations in 

which predators become more effective at increasing prey densities and less effective at lower densities. 

To improve the system's stability, the study combines these two functional responses together. This 

method can result in more resilient and stable ecosystem dynamics and enables a more sophisticated 

portrayal of predator-prey interactions. The attack rate of a generalist predator significantly influences 

the mathematical modeling of predator-prey dynamics. The attack rate directly determines the form and 

parameters of the functional response, which describes how the predator's consumption rate changes 

with prey density. Higher attack rate, increases the predator's efficiency in capturing prey, leading to a 

rapid decline in prey population. This can result in greater oscillations in population sizes and 

potentially destabilize the system if the prey population drops too low. Lower attack rate, decreases the 

predator's efficiency, allowing the prey population to grow, which might reduce oscillations and 

stabilize the system. Predator prey models demonstrate inhibitory effects in population dynamics, since 

the presence of predators slows the increase of prey populations. This interaction can keep the prey 

from growing too much and stabilize the populations. Also, the Center Manifold Theorem is a powerful 

tool in dynamical systems theory, particularly useful for analyzing the stability of non-hyperbolic 

equilibrium points. The Center Manifold theorem facilitates the analysis of a system's stability by 

lowering its dimensionality in the vicinity of a nonhyperbolic equilibrium point. Main objective is to 

examine the impact of functional responses on stability, assess the role of attack rate in predator-prey 

dynamics, explore the inhibitory effect of predators on prey growth, analyze stability and bifurcation 

behavior, introduce and assess prey refuge mechanism. This model is completely new as it integrates 

the Beddington-DeAngelis functional response and the Holling type II functional responses, which has 

not been previously combined in ecological research. 
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The article is given below: In part 2, model formulation of the non-spatial system has been given. In 
part 3, some definitions related to work are given. In part 4, dynamical behavior is analyzed. It is shown 
that equilibrium points exist then stability has been checked at each of the equilibrium points. Moreover, 
Global stability, effect of attack rate of generalist predator on specialist predator, bifurcation of the 
model, center manifold theorem have been performed. In part 5, numerical simulations have been given. 
Finally, in part 6, discussion and conclusion has been given. 

 
SYSTEM MODEL FORMULATION 

Now, we consider the prey-predator interaction model with impact of refuge. A schematic diagram 
is shown in Figure 1. Some ecological parameters are shown in Table 1. To propose the model system 
the assumptions are as below: 

• Prey density is shown by 𝑢1, specialist predator density is shown by 𝑢2, and generalist predator 
density is shown by 𝑢3. 

• The prey species becomes larger with growth rate 𝜏. 

• 𝑘1 shows carrying capacity. 

• Prey and specialist predator succeed Holling type-II functional response. 

• Specialist predator and generalist predator succeed Beddington functional response. 
 

 
Figure 1. Schematic diagram of model system. 
 
Table 1. Ecological Parameters. 

Parameters Meaning 

𝜏 Growth rate of prey 

𝑘1 Carrying capacity of prey 

𝑤 Attack rate of specialist predator on prey 

𝑤1 Conversion rate of prey to specialist predator 

𝑫 Half saturation constant of prey 

𝒇 Attack rate of generalist predator on prey 

𝒅 Conversion rate of prey to a generalist predator 

𝒘𝟑 Conversion rate of specialist predator to a generalist predator 

a Natural death rate of specialist predator 

c Natural death rate of generalist predator 

𝑫𝟏 Half saturation constant predator 

b Inhibitory effect 
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The model is expressed as below: 
𝒅𝒖𝟏

𝒅𝒕
= 𝝉𝒖𝟏 (𝟏 −

𝒖𝟏

𝒌𝟏
) −

𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏 + 𝑫)
− 𝒇𝒖𝟏𝒖𝟑 (𝟏)

𝒅𝒖𝟐

𝒅𝒕
=

𝒘𝟏𝒖𝟏𝒖𝟐

𝒖𝟏 + 𝑫
− 𝒂𝒖𝟐 −

𝒘𝟐𝒖𝟐𝒖𝟑

𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑
(𝟐)

𝒅𝒖𝟑

𝒅𝒕
= −

𝒘𝟑𝒖𝟐𝒖𝟑

𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑
− 𝒄𝒖𝟑 + 𝒅𝒖𝟏𝒖𝟑 (𝟑)

 

Subject to IC: 𝒖𝟏(𝟎) > 𝟎,𝒖𝟐(𝟎) > 𝟎, 𝒖𝟑(𝟎) > 𝟎 

 

DYNAMICAL BEHAVIOR 

In this part, we will discuss positivity, boundedness, stability, and bifurcation of the system. 

 

Positivity 

The concept behind determining the positivity of the solutions is that since we are working with 

population dynamics systems, it is crucial to make sure that we don't get negative values. Populations 

in the system never go extinct because of the positives we discovered. For this purpose, we integrate 

the equations by using initial conditions, we get 

𝒖(𝒕) = 𝒖(𝟎) (∫  
𝒕

𝟎

  [𝝉 (𝟏 −
𝒖𝟏

𝒌𝟏
) −

𝒘𝒖𝟐

(𝒖𝟏 + 𝑫)
− 𝒇𝒖𝟑] 𝒅𝒔) 

Hence, if the initial conditions are non-negative then the right side is positive. 

 

Boundedness 

In this part, we prove the boundedness of the system. The term boundedness in population dynamics 

refers to the physiological stability of the system. It indicates the system is conducted in an appropriate 

manner. Theorem 1: Solutions of the model system (1)-(3) is uniformly bounded in 𝑹+
𝟑 . 

 

Proof: Let solution of the model (1)-(3) is(𝒖𝟏(𝒕), 𝒖𝟐(𝒕), 𝒖𝟑(𝒕)). Let us suppose a function 

(𝒖𝟏, 𝒖𝟐, 𝒖𝟑) = 𝒖𝟏 + 𝒖𝟐 + 𝒖𝟑, then we have
𝒅𝝍

𝒅𝒕
= 𝝉𝒖𝟏 (𝟏 −

𝒖𝟏

𝒌𝟏
) −

𝒖𝟏𝒖𝟐

(𝒖𝟏+𝑫)
(𝒘 − 𝒘𝟏) − 𝒖𝟏𝒖𝟑(𝒇 −

𝒅) +
𝒖𝟐𝒖𝟑

𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑
(𝒘𝟐 − 𝒘𝟑) − 𝒂𝒖𝟐 − 𝒄𝒖𝟑 

Then we get 𝒍 > 𝟎, in a way that
𝒅𝝍

𝒅𝒕
+ 𝜻𝝓 ≤ 𝒍, which implies that: 𝝓(𝒕) ≤ 𝝓(𝟎)𝒆−𝜻𝒕 + 

𝒍

𝜻
(𝟏 − 𝒆−𝜻𝒕) ≤

𝐦𝐚𝐱(𝝓(𝟎),
𝒍

𝜻
). Hence, the theorem is proved. 

 

Equilibrium Points and Stability 

This analysis gives four equilibrium points (i) 𝑬𝟏  = (𝟎, 𝟎, 𝟎) (ii) 𝑬𝟐 = (𝒌𝟏, 𝟎, 𝟎)  

(iii) 𝑬𝟑 = (
𝒄

𝒅
, 𝟎,

𝝉

𝒇
(𝟏 − 

𝒄

𝒅𝒌𝟏
)) (iv) 𝑬𝟒 = (𝒖̃𝟏, 𝒖̃𝟐, 𝒖̃𝟑) 

Stability Analysis 

In this part, first linearize the system to get the stability then find the Jacobian matrix. 

 

Theorem 2: Eigen values of 𝑱(𝑬𝟏) is a saddle point. Proof: Here𝑬𝟏 = (𝟎, 𝟎, 𝟎). Then, 𝑱(𝑬𝟏) is 

given:𝑱(𝑬𝟏) = [
𝝉 𝟎 𝟎
𝟎 −𝒂 𝟎
𝟎 𝟎 −𝒄

] 

The eigenvalues of 𝑬𝟏 are 𝝉,−𝒂,−𝒄. Then, 𝑬𝟏 is a saddle point. 

Theorem 3: 𝑬𝟐 is LAS if −𝒂 >
𝒘𝒌𝟏

𝒌𝟏+𝑫
 and −𝒄 >  𝒅𝒌𝟏. 

 

Proof: 𝑱(𝑬𝟐) is as follows: 
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𝑱(𝑬𝟐) =

[
 
 
 
 −𝝉

𝒘

𝒌𝟏 + 𝑫
−𝒇𝒌𝟏

𝟎 −𝒂 +
𝒘𝒌𝟏

𝒌𝟏 + 𝑫
𝟎

𝟎 𝟎 −𝒄 + 𝒅𝒌𝟏]
 
 
 
 

 

The eigen values of 𝑬𝟐 are −𝝉,−𝒂 +
𝒘𝒌𝟏

𝒌𝟏+𝑫
 and −𝒄 + 𝒅𝒌𝟏. Therefore, 𝑬𝟐 is LAS if −𝒂 >

𝒘𝒌𝟏

𝒌𝟏+𝑫
 and 

−𝒄 > 𝒅𝒌𝟏. 

 

Theorem 4: 𝑱(𝑬𝟑) is LAS if 𝒂 >
𝒘𝟏𝒄

𝒄+𝒅𝑫
+ 

𝒘𝟐𝝉(𝒅𝒌𝟏−𝒄)

𝒇𝒅𝒌𝟏𝑫𝟏+𝒃𝝉−𝒄𝒃𝝉
 and saddle point if <

𝒘𝟏𝒄

𝒄+𝒅𝑫
+ 

𝒘𝟐𝝉(𝒅𝒌𝟏−𝒄)

𝒇𝒅𝒌𝟏𝑫𝟏+𝒃𝝉−𝒄𝒃𝝉
. 

 

Proof: 𝑬𝟑 = (
𝒄

𝒅
, 𝟎,

𝝉

𝒇
(𝟏 −

𝒄

𝒅𝒌𝟏
)), exists. 𝑱(𝑬𝟑) is as follows: 

 

𝑱(𝑬𝟑) =

[
 
 
 
 
 
 
 
 
 

−𝒄𝒘

𝒌𝟏 + 𝑫

𝒘𝒄

𝒄 + 𝒅𝑫

𝒇𝒄

𝒅

𝟎
𝒅𝝉

𝒇
(𝟏 − 𝒂 +

𝒘𝟏𝒄

𝒄 + 𝒅𝑫

𝒄

𝒅𝒌𝟏
)

𝒘𝟐𝝉(𝒅𝒌𝟏 − 𝒄)

𝒇𝒅𝒌𝟏𝑫𝟏 + 𝒃𝝉 − 𝒄𝒄𝒕
𝟎

𝒘𝟑𝝉(𝒅𝒌𝟏 − 𝒄)

𝒇𝒅𝒌𝟏𝑫𝟏 + 𝒃𝝉 − 𝒄𝒃𝝉
𝟎

]
 
 
 
 
 
 
 
 
 

 

Thus, the characteristic roots 𝑱(𝑬𝟑) is as given: −𝒂 +
𝒘𝟏𝒄

𝒄+𝒅𝑫
+

𝒘𝟐𝝉(𝒅𝒌𝟏−𝒄)

𝒇𝒅𝒌𝟏𝑫𝟏+𝒃𝝉−𝒄𝒃𝝉
,
−𝝉𝒄

𝒌𝟏𝒅
, 𝟎 

Hence, 𝑱(𝑬𝟑) is LAS if 𝒂 >
𝒘𝟏𝒄

𝒄+𝒅𝑫
+

𝒘𝟐𝝉(𝒅𝒌𝟏−𝒄)

𝒇𝒅𝒌𝟏𝑫𝟏+𝒃𝝉−𝒄𝒃𝝉
 and saddle point if 𝒂 <

𝒘𝟏𝒄

𝒄+𝒅𝑫
+

𝒘𝟐𝝉(𝒅𝒌𝟏−𝒄)

𝒇𝒅𝒌𝟏𝑫𝟏+𝒃𝝉−𝒄𝒃𝝉
 

 

Theorem 5: 𝑬𝟒 is LAS, if conditions satisfy (i) 𝑨,𝑩 and 𝑪 > 𝟎, (ii) 𝑨𝑩 > 𝑪. 

Proof: Now, for the equilibrium point 𝑬𝟒 = (𝒖𝟏˜ , 𝒖𝟐˜ , 𝒖𝟑˜ ), exists. Thus 𝑱(𝑬𝟒) is as following: 

𝑱(𝑬𝟒) = [

𝒚𝟏𝟏 𝒚𝟏𝟐 𝒚𝟏𝟑

𝒚𝟐𝟏 𝒚𝟐𝟐 𝒚𝟐𝟑

𝒚𝟑𝟏 𝒚𝟑𝟐 𝒚𝟑𝟑

] 

where, 𝒚𝟏𝟏 = 𝝉 −
𝒘𝒖𝟐

𝒖𝟏+𝑫
+

𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏+𝑫)𝟐
, 𝒚𝟏𝟐 =

𝒘𝒖𝟏

(𝒖𝟏+𝑫)
, 𝒚𝟏𝟑 = −𝒇𝒖𝟏, 𝒚𝟐𝟏 =

𝒘𝒖𝟐

𝒖𝟏+𝑫
−

𝒘𝟏𝒖𝟏𝒖𝟐

(𝒖𝟏+𝑫)𝟐
, 

𝒚𝟐𝟐 = −𝒂 +
𝒘𝒖𝟏

𝒖𝟏+𝑫
−

𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
+

𝒘𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
, 

𝒚𝟐𝟑 =
𝒘𝟐𝒖𝟐

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
−

𝒃𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
, 𝒚𝟑𝟏 = 𝒅𝒖𝟑, 

𝒚𝟑𝟐 =
−𝒘𝟑𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐

 

𝒚𝟑𝟑 = −𝒄 + 𝒅𝒖𝟏 −
𝒘𝟑𝒖𝟐

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
. 

The characteristic equation is as showing: 

𝝀𝟑 + 𝑨𝝀𝟐 + 𝑩𝝀 + 𝑪 = 𝟎 (𝟕) 

where, 𝑨 = −(𝒚𝟏𝟏 + 𝒚𝟐𝟐 + 𝒚𝟑𝟑) 

𝑩 = 𝒚𝟏𝟏𝒚𝟐𝟐 − 𝒚𝟏𝟐𝒚𝟐𝟏 − 𝒚𝟐𝟑𝒚𝟑𝟐 
𝑪 = 𝒚𝟏𝟏(𝒚𝟐𝟐𝒚𝟑𝟑 − 𝒚𝟐𝟑𝒚𝟑𝟐) − 𝒚𝟏𝟐𝒚𝟐𝟏𝒚𝟑𝟑 
Hence, 𝑬𝟒 is LAS, as following conditions hold: (i) 𝑨,𝑩 and 𝑪 > 𝟎 (ii) 𝑨𝑩 > 𝑪. 

 

Global Stability Analysis 

Theorem 6 
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If we consider that 

𝝉 −
𝒘𝒖𝟐

𝒖𝟏 + 𝑫
+

𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏 + 𝑫)𝟐
> 𝟎 (𝟖) 

−𝒂 +
𝒘𝒖𝟏

𝒖𝟏 + 𝑫
−

𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐
+

𝒘𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
> 𝟎 

−𝒄 + 𝒅𝒖𝟏 −
𝒘𝟑𝒖𝟐

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐

> 𝟎 

[𝝉 −
𝒘𝒖𝟐

𝒖𝟏 + 𝑫
+

𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏 + 𝑫)𝟐] [−𝒂 +
𝒘𝒖𝟏

𝒖𝟏 + 𝑫
−

𝒘𝟐𝒖𝟐𝒖

(𝒖𝟐 + 𝑫𝟏 +
 [−𝒂 +

𝒘𝒖𝟏

𝒖𝟏 + 𝑫
−

𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐

+
𝒘𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
] [−𝒄 + 𝒅𝒖𝟏 −

𝒘𝟑𝒖𝟐

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐]

>
𝒘𝟐𝒖𝟐

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
− 

𝒃𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐
 

 
then 𝑬𝟒 = (𝒖𝟏˜ , 𝒖𝟐˜ , 𝒖𝟑˜ ) is GAS. 
Proof: Characterize a Lyapunov function 

𝑽 = (𝒖𝟏 − 𝒖𝟏˜ − 𝒖𝟏˜ 𝐥𝐧 
𝒖𝟏˜

𝒖𝟏˜
) + (𝒖𝟐 − 𝒖𝟐˜ − 𝒖𝟐˜ 𝐥𝐧 

𝒖𝟐˜

𝒖𝟐˜
) + (𝒖𝟑 − 𝒖𝟑˜ − 𝒖𝟑˜ 𝐥𝐧 

𝒖𝟑˜

𝒖𝟑˜
) 

Taking we differentiate w.r.t. t along the system solution, we get 
𝒅𝑽

𝒅𝒕
= −𝒄𝟏𝟏(𝒖𝟏 − 𝒖𝟏˜ )𝟐 − 𝒄𝟐𝟐(𝒖𝟐 − 𝒖𝟐˜ )𝟐 − 𝒄𝟑𝟑(𝒖𝟑 − 𝒖𝟑˜ )𝟐 + 𝒄𝟏𝟐(𝒖𝟏 − 𝒖𝟏˜ )(𝒖𝟐˜ − 𝒖𝟐˜ ) + 𝒄𝟐𝟑(𝒖𝟐 −

𝒖𝟐˜ )(𝒖𝟑 − 𝒖𝟑˜ ). 

Where, 𝒄𝟏𝟏 = 𝝉 −
𝒘𝒖𝟐

𝒖𝟏+𝑫
+

𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏+𝑫)𝟐
, 𝒄𝟏𝟐 = 

𝒘𝒖𝟏

(𝒖𝟏+𝑫)
, 𝒄𝟏𝟑 = −𝒇𝒖𝟏, 𝒄𝟐𝟏 =

𝒘𝒖𝟐

𝒖𝟏+𝑫
−

𝒘𝟏𝒖𝟏𝒖𝟐

(𝒖𝟏+𝑫)𝟐
, 

𝒄𝟐𝟐 = −𝒂 +
𝒘𝒖𝟏

𝒖𝟏+𝑫
−

𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
+

𝒘𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
, 𝒄𝟐𝟑 =

𝒘𝟐𝒖𝟐

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
−

𝒃𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
, 𝒄𝟑𝟏 = 𝒅𝒖𝟑, 

𝒄𝟑𝟐 =
−𝒘𝟑𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
 

𝒄𝟑𝟑 = −𝒄 + 𝒅𝒖𝟏 −
𝒘𝟑𝒖𝟐

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
. 

if the following inequalities hold: 
𝒄𝟏𝟏 > 𝟎, 𝒄𝟐𝟐 > 𝟎, 𝒄𝟑𝟑 > 𝟎 (𝟏𝟏)

𝒄𝟏𝟐
𝟐 < 𝒄𝟏𝟏𝒄𝟐𝟐 (𝟏𝟐)

𝒄𝟐𝟑
𝟐 < 𝒄𝟐𝟐𝒄𝟑𝟑 (𝟏𝟑)

 

 
It is easy to see that all the conditions are satisfied. Biologically, the boundedness and stability of a 

system show that the model system is well mannered. Furthermore, it implies that no species grows 
exponentially for a long period. 

 
Attack Rate of Generalist Predator on Specialist Predator 𝝎𝟐 

The attack rate of a generalist predator is indeed a crucial parameter in predator-prey models, 
influencing the dynamics, stability, and equilibrium states of the system. By examining how the attack 
rate affects these aspects, ecologists can better understand and predict the impacts of changes in predator 
efficiency or environmental conditions on population dynamics. Numerically, the system stabilizes 
when 𝝎𝟐 = 𝟏. 𝟕𝟖 as shown in figure 2 and stays constant until it reaches𝝎𝟐 = 𝟓. Moreover, when𝝎𝟐 =
𝟔. 𝟕𝟖, the system becomes unstable. 
 
Hopf-bifurcation of Non-spatial System 

Here, we have established a theorem that clarifies Hopf bifurcation, where 𝒌𝟏 stands for the 
bifurcation parameter. 

 
Theorem 7 

Hopf-bifurcation occurs in model system (1)-(3), When carrying capacity𝒌𝟏, crosses a threshold 

value𝒌𝟏
′ , near 𝑬𝟒 = (𝒖̃, 𝒗̃, 𝒘̃) if conditions hold as: 𝑨(𝒌𝟏) > 𝟎, 𝑪(𝒌𝟏) > 𝟎, 𝑨(𝒌𝟏

′ )𝑩(𝒌𝟏
′ ) −  𝑪(𝒌𝟏

′ ) =
𝟎 and[𝑨(𝒌𝟏

′ )𝑩(𝒌𝟏
′ )]′ ≠ 𝑪′(𝒌𝟏

′ ). 
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Figure 2. Effect of attack rate 𝝎𝟐 = 𝟏. 𝟕𝟖. 

 

 
Figure 3. Effect of attack rate 𝝎𝟐 = 𝟔. 𝟕𝟖. 

 

Proof: It is easy to see that 𝑬𝟒 is LAS. If threshold value 𝒌𝟏
′  exist s.t. 𝑨(𝒌𝟏

′ )𝑩(𝒌𝟏
′ ) − 𝑪(𝒌𝟏

′ ) = 𝟎 
For 𝒌𝟏 = 𝒌𝟏

′  the characteristic equation is as: 

 

(𝝀𝟐(𝒌𝟏
′ ) + 𝑩(𝒌𝟏

′ )) (𝝀(𝒌𝟏
′ ) + 𝑨(𝒌𝟏

′ )) = 𝟎 
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Roots are: −𝑨(𝒌𝟏
′ ), 𝜾√𝑩(𝒌𝟏

′ ) and −𝜾√𝑩(𝒌𝟏
′ ). If transversality condition 

𝐑𝐞(𝝀(𝑩))

𝒅𝒌𝟏
|
𝒌𝟏=𝒌𝟏

′
≠ 𝟎 hold, then 

Hopf-bifurcation occurs at 𝒌𝟏 = 𝒌𝟏
′ . roots are 𝝀𝟏(𝒌𝟏) = 𝝁(𝒌𝟏) + 𝜾𝝂(𝒌𝟏), 

𝝀𝟐(𝒌𝟏) = 𝝁(𝒌𝟏) + 𝜾𝝂(𝒌𝟏), 𝝀𝟑(𝒌𝟏) = −𝑨(𝒌𝟏). 

 

Substituting into we get 

𝑸(𝒌𝟏)𝝁
′(𝒌𝟏) − 𝑳(𝒌𝟏)𝝂

′(𝒌𝟏) + 𝑴(𝒌𝟏) = 𝟎, 

𝑳(𝒌𝟏)𝝁
′(𝒌𝟏) + 𝑸(𝒌𝟏)𝝂

′(𝒌𝟏) + 𝑵(𝒌𝟏) = 𝟎, 

Where, 

𝑸(𝒌𝟏) = 𝟑𝒖𝟐(𝒌𝟏) + 𝟐𝑨(𝒌𝟏)𝝁(𝒌𝟏) + 𝑩(𝒌𝟏) − 𝟑𝝂𝟐(𝒌𝟏) 
𝑳(𝒌𝟏) = 𝟔𝝁(𝒌𝟏)𝝂(𝒌𝟏) + 𝟐𝑨𝝂(𝒌𝟏) 
𝑴(𝒌𝟏) = 𝝁𝟐(𝒌𝟏)𝑨

′(𝒌𝟏) + 𝒌𝟏
′ 𝝁(𝒌𝟏) + 𝑪′(𝒌𝟏) − 𝑨′(𝒌𝟏)𝝂

𝟐(𝒌𝟏) 

𝑵(𝒌𝟏) = 𝟐𝝁(𝒌𝟏)𝝂(𝒌𝟏)𝑨
′(𝒌𝟏) + 𝑩′(𝒌𝟏)𝝂(𝒌𝟏). 

Here, 𝝁(𝒌𝟏) = 𝟎, 𝝂(𝒌𝟏) = √𝑩(𝒌𝟏
′ ), we get 

𝑸(𝒌𝟏
′ ) = −𝟐𝑩(𝒌𝟏

′ ), 𝑳(𝒌𝟏
′ ) = 𝟐𝑨(𝒌𝟏

′ )√𝑩(𝒄′), 𝑴(𝒌𝟏
′ ) = 𝑪′(𝒌𝟏

′ ) − 𝑨′(𝒌𝟏
′ )𝑩(𝒌𝟏

′ ),  𝑵(𝒌𝟏
′ ) =

𝑩′(𝒌𝟏
′ )√𝑩(𝒌𝟏

′ ). 

 

Solving 𝝁′(𝒌𝟏), we get: 

𝐑𝐞(𝝀𝒋(𝒌𝟏)

𝒅𝒌𝟏
|
𝒌𝟏=𝒌𝟏

′

 =  𝝁′(𝒌𝟏)𝒌𝟏=𝒌𝟏
′  = −

𝑳(𝒌𝟏
′ )𝑵(𝒌𝟏

′ ) + 𝑸(𝒌𝟏
′ )𝑴(𝒌𝟏

′ )

𝑸𝟐(𝒌𝟏
′ ) + 𝑳𝟐(𝒌𝟏

′ )
 =  

𝟏

𝟐
 

𝑪′(𝒌𝟏
′ )−(𝑨(𝒌𝟏

′ )𝑩(𝒌𝟏
′ ))

′

𝑨𝟐(𝒌𝟏
′ )+𝑩(𝒌𝟏

′ )
≠ 𝟎. If (𝑨(𝒌𝟏

′ )𝑩(𝒌𝟏
′ ))

′
≠ 𝑪′(𝒌𝟏

′ ) and 𝝀𝟑(𝒌𝟏
′ ) = −𝑨(𝒌𝟏

′ ) < 𝟎. 

Hence the theorem is proved. 

 

Center Manifold Theorem 

Center Manifold theorem is applied to check stability if one or more roots are zero and next one is 

negative real part. Now we shift 𝑬(𝒖𝟏, 𝒖𝟐, 𝒖𝟑) at the origin and get the transformation 𝒖𝟏 = 𝒖𝟏
′ +

𝒖𝟏, 𝒖𝟐 = 𝒖𝟐
′ + 𝒖𝟐, 𝒖𝟑 = 𝒖𝟑

′ + 𝒖𝟑 in the system (4)-(6) and we get (omitting the dash sign and 

neglecting the third and higher order terms) 

 
𝒅𝒖𝟏

𝒅𝒕
= 𝒙𝟏𝟏𝒖𝟏 + 𝒙𝟏𝟐𝒖𝟐 + 𝒙𝟏𝟑𝒖𝟑 + 𝒙𝟏𝟒𝒖𝟏

𝟐 + 𝒙𝟏𝟓𝒖𝟏𝒖𝟐 + 𝒙𝟏𝟔𝒖𝟏
𝟐 + 𝒙𝟏𝟕𝒖𝟐𝒖𝟑 + 𝒙𝟏𝟖𝒖𝟑

𝟐 + 𝒙𝟏𝟗𝒖𝟏𝒖𝟑 

𝒅𝒖𝟐

𝒅𝒕
= 𝒙𝟐𝟏𝒖𝟏 + 𝒙𝟐𝟐𝒖𝟐 + 𝒙𝟐𝟑𝒖𝟑 + 𝒙𝟐𝟒𝒖𝟏

𝟐 + 𝒙𝟐𝟓𝒖𝟏𝒖𝟐 + 𝒙𝟐𝟔𝒖𝟐
𝟐 + 𝒙𝟐𝟕𝒖𝟐𝒖𝟑 + 𝒙𝟐𝟖𝒖𝟑

𝟐 + 𝒙𝟐𝟗𝒖𝟏𝒖𝟑 

𝒅𝒖𝟑

𝒅𝒕
= 𝒙𝟑𝟏𝒖𝟏 + 𝒙𝟑𝟐𝒖𝟐 + 𝒙𝟑𝟑𝒖𝟑 + 𝒙𝟑𝟒𝒖𝟏

𝟐 + 𝒙𝟑𝟓𝒖𝟏𝒖𝟐 + 𝒙𝟑𝟔𝒖𝟐
𝟐 + 𝒙𝟑𝟕𝒖𝟏𝒖𝟑 + 𝒙𝟑𝟖𝒖𝟑

𝟐 + 𝒙𝟑𝟗𝒖𝟏𝒖𝟑 

Here, the coefficients 𝒙𝒊𝒋 are given in Appendix A. System turns as: 

[

𝒖𝟏˙
𝒖̇𝟐

𝒖𝟑˙
] = [

𝒙𝟏𝟏 𝒙𝟏𝟐 𝒙𝟏𝟑

𝒙𝟐𝟏 𝒙𝟐𝟐 𝒙𝟐𝟑

𝒙𝟑𝟏 𝒙𝟑𝟐 𝒙𝟑𝟑

]  [

𝒖𝟏

𝒖𝟐

𝒖𝟑

] + [

𝒙𝟏𝟒𝒖𝟏
𝟐 + 𝒙𝟏𝟓𝒖𝟏𝒖𝟐 + 𝒙𝟏𝟗𝒖𝟏𝒖𝟑

𝒙𝟐𝟒𝒖𝟏
𝟐 + 𝒙𝟐𝟓𝒖𝟏𝒖𝟐 + 𝒙𝟐𝟕𝒖𝟏𝒖𝟑

𝒙𝟑𝟕𝒖𝟐𝒖𝟑 + 𝒙𝟑𝟗𝒖𝟏𝒖𝟑

] 

 
Theorem 8 

Eigen values of 𝑱(𝑬𝟏) is a saddle point. Proof: For 𝑬𝟏 the above system reduce to, 

 

[

𝒖𝟏˙
𝒖𝟐˙
𝒖𝟑˙

] =

[
 
 
 
 −𝝉

𝒘

𝒌𝟏 + 𝑫
−𝒇𝒌𝟏

𝟎 −𝒂 +
𝒘𝒌𝟏

𝒌𝟏 + 𝑫
𝟎

𝟎 𝟎 −𝒄 + 𝒅𝒌𝟏]
 
 
 
 

[

𝒖𝟏

𝒖𝟐

𝒖𝟑

] + [

𝒙𝟏𝟒𝒖𝟏
𝟐 + 𝒙𝟏𝟓𝒖𝟏𝒖𝟐 + 𝒙𝟏𝟗𝒖𝟏𝒖𝟑

𝒙𝟐𝟒𝒖𝟏
𝟐 + 𝒙𝟐𝟓𝒖𝟏𝒖𝟐 + 𝒙𝟐𝟕𝒖𝟏𝒖𝟑

𝒙𝟑𝟕𝒖𝟐𝒖𝟑 + 𝒙𝟑𝟗𝒖𝟏𝒖𝟑

] 
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E.V. is given as −𝝉,−𝒂 +
𝒘𝒌𝟏

𝒌𝟏+𝑫
 and −𝒄 + 𝒅𝒌𝟏. If we consider 𝒂 =

𝒘𝒌𝟏

𝒌𝟏+𝑫
 then the equilibrium point 

𝑬𝟏(𝒌𝟏, 𝟎, 𝟎) is non-hyperbolic type. Now we use the transformation 

 

[

𝒖𝟏

𝒖𝟐

𝒖𝟑

] 

 
Then the system turns as, 

 

[
𝒙̇
𝒚̇
𝒛̇
] = [

−𝝉 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 −𝒄 + 𝒅𝒌𝟏

] [
𝒙
𝒚
𝒛
] + [

𝑯𝟏

𝑯𝟐

𝑯𝟑

] 

 
We can see 𝑯𝒊 in Appendix B. Now 𝑾𝒄(𝟎) = (𝒙, 𝒚, 𝒛)𝝐𝑹𝟑 :  𝒙 = 𝒈𝟏(𝒚), 𝒛 =  𝒈𝟐(𝒚), 𝒈𝟏(𝟎) =
𝟎, 𝒈𝟐(𝟎) = 𝟎,𝑫𝒈𝟏(𝟎) =  𝟎,𝑫𝒈𝟐(𝟎) = 𝟎, To calculate 𝑾𝒄(𝟎), let us consider 𝒙 = 𝒈𝟏(𝒚) = 𝒄𝟏𝟏𝒚

𝟐 +
𝒄𝟏𝟐𝒚

𝟑 + 𝑶(‖𝒚‖𝟒), 

𝒛 = 𝒈𝟐(𝒚) = 𝒄𝟐𝟏𝒚
𝟐 + 𝒄𝟐𝟐𝒚

𝟑 + 𝑶(‖𝒚‖𝟒). Now we find 𝒄𝟏𝟏 = 𝟎, 𝒄𝟏𝟐 = 𝑵𝟏𝟑, 𝒄𝟐𝟏 = 𝟎, 𝒄𝟐𝟐 = 𝟎. Thus, 

manifold is shown by 𝒚̇ = 𝑵𝟐𝟐𝒚
𝟐 + 𝑵𝟐𝟏𝑵𝟏𝟑𝒚

𝟒, it is a saddle point. Hence proved. 

 

Theorem 9 

At 𝑬𝟒, the periodic solution will be stable and unstable if 𝚲 < 𝟎 and 𝚲 > 𝟎 respectively. Proof:If 

Hopf bifurcation exists in the system, it implies that characteristic equations have purely complex 

conjugates and one negative real root. The roots are given as −𝑨𝟏, 𝒊√𝑨𝟐, −𝒊√𝑨𝟐. It is non-hyperbolic 

type roots. Therefore:[

𝒖𝟏

𝒖𝟐

𝒖𝟑

] = 𝐀 [
𝒙
𝒚
𝒛
] 

Where, [

𝒈𝟏𝟏 𝒈𝟏𝟐 𝒈𝟏𝟑

𝒈𝟐𝟏 𝒈𝟐𝟐 𝒈𝟐𝟑

𝒈𝟑𝟏 𝒈𝟑𝟐 𝒈𝟑𝟑

] , 𝒈𝒊𝒋 is given in Appendix C. 

The system becomes: 

 

[
𝒙̇
𝒚̇
𝒛̇
] = [

𝟎 −√𝑨𝟐 𝟎

√𝑨𝟐 𝟎 𝟎

𝟎 𝟎 −𝑨𝟏

] [
𝒙
𝒚
𝒛
] + [

𝒆𝟏

𝒆𝟐

𝒆𝟑

] 

 
We can see AppendiX D to check the values of 𝒆𝟏, 𝒆𝟐 and 𝒆𝟑. Characteristic equations have purely 

complex conjugate and one negative real root. Therefore, we are unable to find stability, so the Center 

manifold is given as: 

 

𝑾𝒄(𝟎) = (𝒙, 𝒚, 𝒛)𝝐𝑹𝟑: 𝒛 = 𝒈(𝒙, 𝒚), |𝒙| < 𝜹𝟏, |𝒚| <  𝜹𝟐, 𝒈(𝟎, 𝟎) = 𝟎,𝑫𝒈(𝟎, 𝟎) = 𝟎. To calculate the 

center manifold theorem, we consider 𝐳 = 𝐠(𝐱, 𝐲)  = 𝒂𝟏𝒙
𝟐 + 𝒂𝟐𝒚

𝟐 + 𝒂𝟑𝒙𝒚 + 𝑶(‖𝒙‖𝟑), Here we find 

𝒂𝟏 =
𝟏

𝑨𝟏
(𝑨𝟑𝟏 − 𝒂𝟑√𝑨𝟐), 𝒂𝟐 =

𝟏

𝑨𝟐
(𝑨𝟑𝟐 − 𝒂𝟑√𝑨𝟐) and 𝒂𝟑 =

𝑨𝟏𝑨𝟐𝑨𝟑𝟒−𝟐√𝑨𝟐(𝑨𝟑𝟐𝑨𝟏−𝑨𝟑𝟏𝑨𝟐)

(𝟐𝑨𝟏+𝟐𝑨𝟐+𝑨𝟏
𝟐)𝑨𝟐

. 

Thus, by using the center manifold: 

[
𝒙̇
𝒚̇
] = [

𝟎 −√𝑨𝟐

√𝑨𝟐 𝟎
] [

𝒙
𝒚] + [

𝒇𝟏

𝒇𝟐
] 

Where 𝒇𝟏(𝒙, 𝒚) = 𝑨𝟏𝟏𝒙
𝟐 + 𝑨𝟏𝟐𝒚

𝟐 + 𝑨𝟏𝟒𝒙𝒚 + 𝑨𝟏𝟔𝒂𝟏𝒙
𝟑 + 𝑨𝟏𝟓𝒂𝟐𝒚

𝟑 + 

(𝑨𝟏𝟓𝒂𝟏 + 𝑨𝟏𝟔𝒂𝟑)𝒙
𝟐𝒚 + (𝑨𝟏𝟓𝒂𝟑 + 𝑨𝟏𝟔𝒂𝟐)𝒚

𝟐𝒙 +  𝑶(‖𝑿‖𝟒), 𝒇𝟐 = 𝑨𝟐𝟏𝒙
𝟐 + 𝑨𝟐𝟐𝒚

𝟐 + 𝑨𝟐𝟒𝒙𝒚 +

𝑨𝟐𝟔𝒂𝟏𝒙
𝟑 + 𝑨𝟐𝟓𝒂𝟐𝒚

𝟑 + 𝑨𝟐𝟓𝒂𝟐𝒚
𝟑 + (𝑨𝟐𝟓𝒂𝟏 + 𝑨𝟐𝟔𝒂𝟑)𝒙

𝟐𝒚 + (𝑨𝟐𝟓𝒂𝟑 + 𝑨𝟐𝟔𝒂𝟐)𝒚
𝟐𝒙 +  𝑶(‖𝑿‖𝟒). 
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Now, we calculate the First Lyapunov exponent 𝚲 at (𝟎, 𝟎, 𝟎), to show stability or instability of 𝑬𝟒. 

𝚲 =
𝟏

𝟏𝟔
(𝒇𝟏(𝒙𝒙𝒙) + 𝒇𝟏(𝒚𝒚𝒚) + 𝒇𝟐(𝒙𝒙𝒙) + 𝒇𝟐(𝒚𝒚𝒚))

+ 
𝟏

𝟏𝟔√𝑨𝟐

[𝒇𝟏(𝒙𝒚)(𝒇𝟏(𝒙𝒙) + 𝒇𝟏(𝒚𝒚)) − 𝒇𝟐(𝒙𝒚)(𝒇𝟐(𝒙𝒙) + 

𝒇𝟐(𝒚𝒚))] − 𝒇𝟏(𝒙𝒙)𝒇𝟐(𝒙𝒙) + 𝒇𝟏(𝒚𝒚)𝒇𝟐(𝒚𝒚) 

=
𝟏

𝟏𝟔
[𝟔𝑨𝟏𝟔𝒂𝟏 + 𝟐(𝑨𝟏𝟓𝒂𝟑 + 𝑨𝟏𝟔𝒂𝟐) + 𝟐(𝑨𝟐𝟓𝒂𝟏 +𝑨𝟐𝟔𝒂𝟑) + 𝟔𝑨𝟐𝟓𝒂𝟑]

+
𝟏

𝟏𝟔√𝑨𝟐

[𝟐𝑨𝟏𝟒(𝑨𝟏𝟏 + 𝑨𝟏𝟐) − 𝟐𝑨𝟐𝟒(𝑨𝟐𝟏 + 𝑨𝟐𝟐) − 𝟒𝑨𝟏𝟏𝑨𝟐𝟏 + 𝟒𝑨𝟏𝟐𝑨𝟐𝟐] 

Hence theorem is proved. 

 

Numerical Simulation 

Now, we will perform numerical analysis supporting the analytical findings. We used ode45 solver 

in MATLAB by taking the parameter values as: 𝝉 = 𝟎. 𝟗𝟎, 𝒌𝟏 = 𝟏𝟐,𝒘𝟑 = 𝟏. 𝟕𝟖, 𝐟 =. 𝟎𝟏,𝑫𝟏 =
𝟕. 𝟐, 𝐛 =. 𝟎𝟏, 𝐚 =. 𝟐𝟑,𝐰 = 𝟐. 𝟏𝟓,𝐃 = 𝟏𝟑. 𝟓𝟏, 𝐜 = 𝟓, 𝐝 =.𝟎𝟏, 𝒘𝟐 = 𝟏. 𝟕𝟖. 

 

First, we see the effect of attack rate of generalist predator on specialist predator 𝝎𝟐 has been shown 

in Figure 2-3. The system becomes unstable at 𝝎𝟐 = 𝟕. 𝟕𝟖. When we increase the value of 𝝎𝟐 system 

remains unstable. Secondly, we see the outcome of constant 𝒌𝟏 as shown in Figures. 4-7. The diagrams 

indicate that the system become stable in figure 5 at 𝒌𝟏 = 𝟏𝟓, as we increase the value of 𝒌𝟏 it tends to 

Hopf bifurcation at the critical value 𝒌𝟏 = 𝟏𝟔 in figure 6. To better understand, at different values of 

𝒌𝟏, we observe some of time series and phase portrait diagrams. Our MATLAB simulations 

successfully demonstrate how variations in 𝒌𝟏 affect stability and cause bifurcation, hence validating 

the theoretical predictions. The numerical results offer important insights into the dynamics of 

ecosystems by depicting the dynamical alterations in predator-prey interactions. 

 

 
Figure 4. Existence of Hopf bifurcation at 𝒌𝟏 = 𝟏𝟐. 
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DISCUSSION AND CONCLUSION 
This work investigates a three-dimensional food chain model in which Boddington-DeAngelis and 

Holling type-II functional responses endows the prey with refuge capabilities. It shows a major role to 
preserve the dynamical system balance. There is a schematic illustration is given in Figure 1 to help 
visualize the model formulation. The proposed system is investigated using differential equation theory 
and several dynamical techniques like boundedness, local stability, global stability, and bifurcation. 
Next, we showed that the solutions had uniform boundaries. We determined equilibrium points and 
examined their stability. Effect of attack rate of generalist predator on specialist predator 𝝎𝟐 has been 
shown in Figure 2-3. The system becomes unstable at𝝎𝟐 = 𝟕. 𝟕𝟖. When we increase the value of 𝝎𝟐 
system remains unstable. We conclude that attack rate of a generalist predator is a crucial parameter in 
predator-prey models, influencing the dynamics, stability and equilibrium states of the system. By 
modifying the attack rate, ecologists can predict how changes in predator efficiency or environmental 
conditions might impact population dynamics. We have also observed that inhibitory effects are 
essential for dynamical system’s stability and control  Inhibitory mechanisms work to keep the system 
in equilibrium by adjusting the activity of its constituent parts. Moreover, we found a Hopf bifurcation 
see in Figure 4-7 with parameter𝒌𝟏. As the value of 𝒌𝟏 become larger system become unstable. 
Bifurcation diagrams display the model system's incredibly intricate and rich dynamical behavior. Also, 
these diagrams show the significant importance of the model and related to real-life systems. For 
advancement, we have given the numerical solutions using MATLAB to validate analytical results for 
temporal model system. 
 

Refuge ability refers to the capacity of prey to find access and effectively use these safe zones to 
avoid predators. Numerous elements, including the prey's movement, sensory perception, and 
behavioral adaptations, can affect this capacity. The study examines these factors and their impact on 
the prey's survival rates in the presence of predators. We have used the Beddington-DeAngelis and 
Holling type II functional responses to study the dynamics of the prey predator system in order to 
understand the protective character of prey.  Finally, we wind up that the model become real when we 
consider features like Beddington-DeAngelis and Holling type II functional responses. It increases the 
value of the work. By combining Beddington-DeAngelis and Holling Type II functional responses a 
combination that hasn't been investigated before this study offers a fresh and thorough viewpoint on 
ecological modeling. With possible uses in ecological conservation and population management tactics, 
the findings advance our knowledge of stability mechanisms, bifurcation behavior, and predator-prey 
interactions. 
 

 
Figure 5. Existence of Hopf bifurcation at 𝒌𝟏 = 𝟏𝟓. 
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Figure 6. Existence of Hopf bifurcation at 𝒌𝟏 = 𝟏𝟔. 

 

 
Figure 7. Existence of Hopf bifurcation at 𝒌𝟏 = 𝟏𝟕. 

 
It shows originality of this article which is be used in different real-life ecological systems. Disclosure 
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APPENDICES 

Appendix A 

𝒙𝟏𝟏 = 𝝉 −
𝒘𝒖𝟐

𝒖𝟏+𝑫
+

𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏+𝑫)𝟐
, 𝒙𝟏𝟐 =

𝒘𝒖𝟏

(𝒖𝟏+𝑫)
, 
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𝒙𝟏𝟑 = −𝒇𝒖𝟏, 𝒙𝟐𝟏 =
𝒘𝒖𝟐

𝒖𝟏+𝑫
−

𝒘𝟏𝒖𝟏𝒖𝟐

(𝒖𝟏+𝑫)𝟐
, 

𝒙𝟐𝟐 = −𝒂 +
𝒘𝒖𝟏

𝒖𝟏+𝑫
−

𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
+

𝒘𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
, 

𝒙𝟐𝟑 =
𝒘𝟐𝒖𝟐

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)
−

𝒃𝒘𝟐𝒖𝟐𝒖𝟑

(𝒖𝟐+𝑫𝟏+𝒃𝒖𝟑)𝟐
, 𝒙𝟑𝟏 = 𝒅𝒖𝟑, 

𝒙𝟑𝟐 =
−𝒘𝟑𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐

 

𝒙𝟑𝟑 = −𝒄 + 𝒅𝒖𝟏 −
𝒘𝟑𝒖𝟐

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
−

𝒃𝒘𝟑𝒖𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐

 

𝒙𝟏𝟒 =
𝟐𝒘𝒖𝟐

(𝒖𝟏 + 𝑫)𝟐
−

𝟐𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏 + 𝑫)𝟑
 

𝒙𝟏𝟓 =
−𝒘𝒖𝟏

(𝒖𝟏 + 𝑫)𝟐
+

𝒘

(𝒖𝟏 + 𝑫)
 

𝒙𝟏𝟔 = −𝒇 
𝒙𝟏𝟕 = 𝟎 
𝒙𝟏𝟖 = 𝟎 
𝒙𝟏𝟗 = 𝟎 

𝒙𝟐𝟒 =
𝒘𝒖𝟐

(𝒖𝟏 + 𝑫)𝟐
−

𝒘𝒖𝟐

(𝒖𝟏 + 𝑫)𝟐
+

𝟐𝒘𝒖𝟏𝒖𝟐

(𝒖𝟏 + 𝑫)𝟑
 

𝒙𝟐𝟓 =
𝒘

(𝒖𝟏 + 𝑫) −
−𝒘𝟏𝒖𝟏

(𝒖𝟏 + 𝑫)𝟐

 

𝒙𝟐𝟔 = 𝟎 

𝒙𝟐𝟕 =
−𝒘𝒖𝟐𝒃

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐
+

𝒃𝒘𝟐𝒘𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
−

𝒃𝟐𝒖𝟐𝒖𝟑𝒘𝟐

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐

 

𝒙𝟐𝟖 =
𝒘𝟐𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐
−

𝒘𝟐𝒖𝟐𝒖𝟑𝒃

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟑
+

𝒘𝟐𝒖𝟐𝒃

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
− 

𝒘𝟐𝒖𝟑𝒃

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐

 

𝒙𝟐𝟗 = 𝟎 
𝒙𝟑𝟒 = 𝟎 
𝒙𝟑𝟓 = 𝟎 
𝒙𝟑𝟔 = 𝟎 
𝒙𝟑𝟕 = 𝒅 

𝒙𝟑𝟖 =
𝒘𝟑𝒖𝟑

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐
−

𝒘𝟑𝒖𝟑𝒃

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟐
+

𝒘𝟑𝒖𝟐𝒖𝟑𝒃

(𝒖𝟐 + 𝑫𝟏 + 𝒃𝒖𝟑)
𝟑
 𝒙𝟑𝟗 = 𝒅 

6.2 Appendix B 

The values of 𝑯𝒊 is as follows: 

𝑯𝟏 = 𝒙𝟐 + 𝑵𝟏𝟏𝒙𝒚 + 𝑴𝟏𝟐𝒙𝒛 + 𝑴𝟏𝟑𝒚
𝟐 + 𝑴𝟏𝟒𝒚𝒛 + 𝑴𝟏𝟓𝒛

𝟐, 𝑯𝟐 = 𝑴𝟐𝟏𝒙𝒚 + 𝑴𝟐𝟐𝒗
𝟐 + 𝑴𝟐𝟑𝒚𝒛,𝑯𝟑 =

 𝑴𝟑𝟏𝒙𝒛 + 𝑴𝟑𝟐𝒚𝒛 + 𝑴𝟑𝟑𝒛
𝟐. 

6.3 Appendix C 

Here, 𝒈𝟏𝟏 = −𝑨𝟐, 𝒈𝟏𝟐 = 𝟎,𝒈𝟏𝟑 = 𝑨𝟏
𝟐 − 𝒙𝟐𝟑𝒙𝟑𝟐, 𝒈𝟐𝟏 = 𝒙𝟑𝟏𝒙𝟐𝟑, 𝒈𝟐𝟐 = −𝒙𝟐𝟏√𝑨𝟐, 𝒈𝟐𝟑 = 𝒙𝟑𝟏𝒙𝟐𝟑 −

𝒙𝟐𝟏𝑨𝟏, 𝒈𝟑𝟏 = 𝟎,𝒈𝟑𝟐 = −𝒙𝟑𝟏√𝑨𝟐, 𝒈𝟐𝟑 = 𝒙𝟐𝟏𝒙𝟑𝟐 − 𝒙𝟑𝟏𝑨𝟏 

6.4 Appendix D 

𝒆𝟏 = 𝑫𝟏𝟏𝒙
𝟐 + 𝑫𝟏𝟐𝒚

𝟐 + 𝑫𝟏𝟑𝒛
𝟐 + 𝑫𝟏𝟒𝒙𝒚 + 𝑫𝟏𝟓𝒚𝒛 + 𝑫𝟏𝟔𝒛𝒙 

𝒆𝟐 = 𝑫𝟐𝟏𝒙
𝟐 + 𝑫𝟐𝟐𝒚

𝟐 + 𝑫𝟐𝟑𝒛
𝟐 + 𝑫𝟐𝟒𝒙𝒚 + 𝑫𝟐𝟓𝒚𝒛 + 

𝑫𝟐𝟔𝒛𝒙 
𝒆𝟑 = 𝑫𝟑𝟏𝒙

𝟐 + 𝑫𝟑𝟐𝒚
𝟐 + 𝑫𝟑𝟑𝒛

𝟐 + 𝑫𝟑𝟒𝒙𝒚 + 𝑫𝟑𝟓𝒚𝒛 + 𝑫𝟑𝟔𝒛𝒙 

with, 𝑫𝟏𝟏 = 𝑪𝟏𝟏𝒈𝟏𝟏
𝟐 + 𝑨𝟏𝟐𝒈𝟏𝟏𝒈𝟐𝟏, 

𝑫𝟏𝟐 = 𝑪𝟏𝟒𝒈𝟐𝟐𝒈𝟑𝟐, 
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𝑫𝟏𝟑 = 𝑪𝟏𝟏𝒈𝟏𝟑
𝟐 + 𝑪𝟏𝟐𝒈𝟏𝟑𝒈𝟐𝟑 + 𝑪𝟏𝟑𝒈𝟏𝟑𝒈𝟑𝟑 + 𝑪𝟏𝟒𝒈𝟐𝟑𝒈𝟑𝟑, 

𝑫𝟏𝟒 = 𝑪𝟏𝟐𝒈𝟏𝟏𝒈𝟐𝟐 + 𝑪𝟏𝟑𝒈𝟏𝟏𝒈𝟑𝟐 + 𝑪𝟏𝟒𝒈𝟐𝟏𝒈𝟑𝟐 

𝑫𝟏𝟓 = 𝑪𝟏𝟏𝒈𝟏𝟑𝒈𝟐𝟐 + 𝑪𝟏𝟑𝒈𝟏𝟑𝒈𝟑𝟐 + 𝑪𝟏𝟒𝒈𝟐𝟐𝒈𝟑𝟑 + 𝑪𝟏𝟒𝒈𝟐𝟑𝒈𝟑𝟐, 

𝑫𝟏𝟔 = 𝟐𝑪𝟏𝟏𝒈𝟏𝟏𝒈𝟏𝟑 + 𝑪𝟏𝟐𝒈𝟏𝟏𝒈𝟐𝟑 + 𝑪𝟏𝟐𝒈𝟏𝟑𝒈𝟐𝟏 + 𝑪𝟏𝟑𝒈𝟏𝟏𝒈𝟑𝟑 + 𝑪𝟏𝟒𝒈𝟐𝟏𝒈𝟑𝟑 

The similar expression for 𝑫𝟐𝒊 and 𝑫𝟑𝒊 will be obtained only replacing 𝑪𝟏𝒋 by 𝑪𝟐𝒋 and 𝑪𝟑𝒋 respectively. 

𝑪𝟏𝟏 = 𝒕𝟏𝟏𝒙𝟏𝟒 + 𝒕𝟏𝟐𝒙𝟐𝟒 
𝑪𝟏𝟐 = 𝒕𝟏𝟏𝒙𝟏𝟓 + 𝒕𝟏𝟐𝒙𝟐𝟓 
𝑪𝟏𝟑 = 𝒕𝟏𝟏𝒙𝟏𝟗 + 𝒕𝟏𝟑𝒙𝟑𝟗 
𝑪𝟏𝟒 = 𝒕𝟏𝟐𝒙𝟐𝟕 + 𝒕𝟏𝟑𝒙𝟑𝟗 
𝑪𝟐𝟏 = 𝒕𝟐𝟏𝒙𝟏𝟒 + 𝒕𝟐𝟐𝒙𝟐𝟒 
𝑪𝟐𝟐 = 𝒕𝟐𝟏𝒙𝟏𝟓 + 𝒕𝟐𝟐𝒙𝟐𝟓 
𝑪𝟐𝟑 = 𝒕𝟐𝟏𝒙𝟏𝟗 + 𝒕𝟐𝟑𝒙𝟑𝟗 
𝑪𝟐𝟒 = 𝒕𝟐𝟐𝒙𝟐𝟕 + 𝒕𝟐𝟑𝒙𝟑𝟗 

𝑪𝟑𝟏 = 𝒕𝟏𝟏𝒙𝟏𝟒 + 𝒕𝟏𝟐𝒙𝟐𝟒 

𝑪𝟑𝟐 = 𝒕𝟑𝟏𝒙𝟏𝟓 + 𝒕𝟑𝟐𝒙𝟐𝟓 
𝑪𝟑𝟑 = 𝒕𝟑𝟏𝒙𝟏𝟗 + 𝒕𝟑𝟑𝒙𝟑𝟗 

𝑪𝟑𝟒 = 𝒕𝟑𝟐𝒙𝟐𝟕 + 𝒕𝟑𝟑𝒙𝟑𝟗 
Where, 

𝑨−𝟏 = [

𝒕𝟏𝟏 𝒕𝟏𝟐 𝒕𝟏𝟑

𝒕𝟐𝟏 𝒕𝟐𝟐 𝒕𝟐𝟑

𝒕𝟑𝟏 𝒕𝟑𝟐 𝒕𝟑𝟑

] 

with 𝒕𝟏𝟏 =
𝒈𝟐𝟐𝒈𝟑𝟑−𝒈𝟐𝟑𝒈𝟑𝟐

|𝑨|
, 𝒕𝟏𝟐 =

𝒈𝟑𝟐𝒈𝟏𝟑

|𝑨|
, 𝒕𝟏𝟑 = 

−𝒈𝟏𝟑𝒈𝟐𝟐

|𝑨|
, 𝒕𝟐𝟏 =

−𝒈𝟐𝟏𝒈𝟑𝟑

|𝑨|
, 𝒕𝟐𝟐 =

𝒈𝟏𝟏𝒈33

|𝐴|
, 𝑡23 =

 
𝑔13𝑔21−𝑔11𝑔23

|𝐴|
, 𝑡31 =

𝑔21𝑔32

|𝐴|
, 𝑡32 =

−𝑔11𝑔32

|𝐴|
, 𝑡33 = 

𝑔11𝑔22

|𝐴|
 where, |𝐴| represents the determinant of A . 
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