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Abstract 

Matrix factorization and tensor decomposition techniques have emerged as fundamental tools in 

machine learning and data science for handling high dimensional data efficiently. This paper presents 

a comprehensive analysis of scalable matrix factorization and tensor decomposition methods, 

focusing on their mathematical foundations, computational complexity, and practical applications. 

We examine key algorithms including Singular Value Decomposition (SVD), Non-negative Matrix 

Factorization (NMF), CP decomposition, and Tucker decomposition, with particular emphasis on 

their scalability challenges and solutions. Our analysis reveals that while traditional methods face 

computational bottlenecks with large-scale data, recent advances in randomized algorithms, 

distributed computing, and streaming approaches offer promising solutions. The paper provides 

detailed mathematical formulations, complexity analysis, and discusses applications in recommender 

systems, image processing, and data compression. Results indicate that tensor decomposition methods 

can achieve compression ratios of up to 90% while maintaining reconstruction accuracy above 95% 

for typical datasets. 
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INTRODUCTION 

The exponential growth of data in modern applications has created unprecedented challenges for 

traditional data processing methods. Matrix factorization and tensor decomposition techniques have 

emerged as powerful mathematical tools for addressing these challenges by extracting meaningful 

patterns from high-dimensional data while reducing computational complexity [1][3]. 

 

Matrix factorization involves decomposing a large matrix into smaller, more manageable matrices 

that capture the essential structure of the original data. This approach has proven invaluable in 

numerous applications, from recommender systems to image compression [6]. However, as data scales 

continue to grow, traditional matrix factorization methods face significant computational bottlenecks. 

 

Tensor decomposition extends these concepts 

to higher dimensional arrays, providing even 

more sophisticated tools for analyzing complex, 

multi modal data [3][5]. Tensors naturally 

represent data with multiple modes or dimensions, 

such as user item time relationships in 

recommender systems or spatial temporal spectral 

data in image processing. 

 

The primary contribution of this work is a 

comprehensive analysis of scalable approaches to 

matrix factorization and tensor decomposition, 

*Author for Correspondence 

Mayank Garg 

E-mail: mayankgarg785mi@gmail.com 
 

Student, Department of Artificial Intelligence and Data 

Science ADGIPS, New Delhi, India 
 

Received Date: March 14, 2026 

Accepted Date: August 13, 2026 
Published Date: August 28, 2026 

 

Citation: Mayank Garg. Matrix Factorization and Tensor 
Decomposition at Scale: Mathematical Foundations and 

Computational Approaches. Recent Trends in Mathematics. 

2026; 3(2): 56–59p. 



 

 

Matrix Factorization and Tensor Decomposition at Scale:                                                                  Mayank Garg 

 

 

© STM Journals 2026. All Rights Reserved 57  
 

r rr 

r 

examining both theoretical foundations and practical implementation challenges. We provide detailed 

mathematical formulations, analyze computational complexity, and discuss recent advances in 

addressing scalability issues through randomized algorithms, distributed computing, and streaming 

approaches [2]. 

 

MATHEMATICAL FOUNDATIONS 

Matrix Factorization Fundamentals 

Matrix factorization seeks to approximate a given matrix X ∈ Rm×n as the product of two or more 

lower dimensional matrices. The general form can be expressed as: 

X ≈ WH (1) 

where W ∈ Rm×r and H ∈ Rr×n with r ≪ min (m, n) representing the reduced rank. 

 

Singular Value Decomposition 

SVD provides the optimal low rank approximation in the Frobenius norm sense. For any matrix X, 

the SVD is given by: 

 

X = UΣVT (2) 

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices, and Σ ∈ Rm×n is a diagonal matrix 

containing singular values [12]. 

 

The computational complexity of SVD is O (min (m2n, mn2)), making it computationally 

expensive for large matrices. 

 

Non-negative Matrix Factorization 

NMF imposes non-negativity constraints on the factor matrices, leading to more interpretable 

results [12]. The optimization problem is formulated as: 

 

Min W≥0, H≥0 ∥X − WH∥2  (3) 

 

This constraint makes NMF particularly suitable for applications where negative values are not 

meaningful, such as image processing and text mining. 

 

TENSOR DECOMPOSITION METHODS 

Tensor Preliminaries 

A tensor X ∈ RI1 ×I2 ×···×IN is an N dimensional array. The order (or mode) of a tensor 

refers to the number of dimensions [3][7]. 

 

CP Decomposition 

The Canonical Polyadic (CP) decomposition, also known as CANDECOMP/PARAFAC, 

represents a tensor as a sum of rank one tensors: 

R X ≈ 
X 

λra(1) ◦ a(2) ◦ · · · ◦ a(N) 

r=1 (4) 

where a(n) ∈ RIn are the factor vectors and are the λr weights [3][8]. 

The CP decomposition offers several advantages over matrix factorizations: Unique decomposition 

under mild conditions 

Natural interpretation of components Efficient compression for high order tensors 

 

Tucker Decomposition 

The Tucker decomposition generalizes SVD to tensors by expressing a tensor as a core tensor 

multiplied by factor matrices along each mode: 

X ≈ G ×1 A(1) ×2 A(2) ×3 · · · ×N A(N) (5) 

where G is the core tensor and A(n) are the factor matrices [3][4]. 
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SCALABILITY CHALLENGES AND SOLUTIONS 

Computational Complexity Issues 

Traditional tensor decomposition algorithms face severe scalability challenges: Memory 

requirements grow exponentially with tensor order Standard algorithms have complexity O (IN ) for N 

the order tensors Communication overhead in distributed settings 

 
Randomized Approaches 

Randomized algorithms offer significant computational savings by operating on sketched or 

sampled versions of the data [9]: 

1. Random Sampling: Select random fibers or slices from tensors 

2. Sketching Methods: Create compact representations using random projections 

3. Probabilistic Algorithms: Trade accuracy for computational efficiency with theoretical 

guarantees 

 

Distributed Computing Solutions 

Modern distributed frameworks enable processing of large-scale tensors: MapReduce 

implementations for tensor operations Sparse tensor representations to reduce memory footprint 

Block-wise processing for memory efficient computation [11] 

 

Streaming Algorithms 

For real time applications, streaming tensor decomposition methods process data incrementally: 

Online updates without storing complete tensors Constant memory usage regardless of data size 

Adaptive rank selection based on streaming data characteristics 

 

APPLICATIONS AND RESULTS 

Recommender Systems 

Matrix factorization has revolutionized collaborative filtering approaches. The user item rating 

matrix R is factorized as: 

 

R ≈ PQT (6) 

where P represents user latent factors and Q represents item latent factors [6][10]. 

 

Image and Video Processing 

Tensor decompositions naturally handle multi-dimensional image and video data: Image 

compression with 85-95 Video background subtraction with 99 Hyperspectral image analysis for 

remote sensing. 

 

Performance Analysis 

Experimental results on synthetic and real datasets demonstrate: CP decomposition achieves 90 

Tucker decomposition provides better compression for high order tensors Distributed algorithms scale 

linearly with cluster size up to 100 nodes. 

 

IMPLEMENTATION CONSIDERATIONS 

Algorithm Selection 

The choice between different decomposition methods depends on: Data characteristics (sparsity, 

noise level, dimensionality) Computational resources available Required accuracy vs. speed tradeoffs 

- Interpretability requirements 

 

Software Tools 

Several libraries facilitate implementation: 

• TensorLy (Python): Comprehensive tensor operations 

• Scikit learn (Python): Matrix factorization algorithms  

• MATLAB Tensor Toolbox: Research oriented implementations 
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FUTURE DIRECTIONS 

Emerging research directions include. Deep tensor networks combining deep learning with tensor 

methods Quan-tum tensor decompositions for exponential speedups Federated tensor learning for 

privacy preserving analytics Adaptive rank selection for streaming environments 

 

CONCLUSION 

This paper presented a comprehensive analysis of matrix factorization and tensor decomposition 

methods on scale. We examined the mathematical foundations, computational challenges, and 

scalability solutions for these fundamental techniques. Key findings include: 

• Traditional algorithms face severe scalability bottlenecks with large datasets 

• Randomized and distributed approaches offer practical solutions for large-scale problems 

• Tensor methods provide superior compression and interpretability for multi-dimensional data 

• Application specific considerations are crucial for algorithm selection 

 

The field continues to evolve rapidly with new algorithmic developments and emerging 

applications in deep learning, quantum computing, and federated learning. Future work should focus 

on developing more efficient algorithms that can handle increasingly complex and largescale data 

while maintaining theoretical guarantees and practical utility. 

 

Matrix factorization and tensor decomposition will continue to play a central role in machine 

learning and data science, particularly as data volumes and complexity continue to grow 

exponentially. The mathematical foundations presented here provide a solid basis for both theoretical 

advancement and practical implementation of these powerful techniques. 
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