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Abstract

This work introduces the concept of (8, U )— Convex Partial b-Metric Spaces using convex structure.
Motivated by this approach, we demonstrated fixed point results and their uniqueness, as well as
guasi contraction, and provided some supporting instances for the established results. Our findings
expand prior fixed-point results to a novel concept (8,0 )— Convex Partial b-Metric Spaces. To
support our theoretical findings, we provide several instances that exemplify the established results,
including concrete examples to illustrate the practical applicability and relevance of our work. Our
findings significantly extend prior fixed-point results to the novel concept of (8, U) —Convex Partial
b-Metric Spaces. By extending traditional fixed point theory to (5,U)— Convex Partial b-Metric
Spaces, this research not only deepens our theoretical understanding but also broadens the scope of
applications across diverse fields. In scientific and engineering disciplines, where complex systems
and nonlinear dynamics are prevalent, the conceptual framework introduced here offers new tools for
analyzing and solving problems. The ability to model and analyze phenomena with convexity
considerations opens avenues for more accurate representations of real-world scenarios, potentially
leading to more effective solutions and insights This extension not only enhances the understanding of
fixed-point theory but also creates new opportunities for its application in more complex and diverse
mathematical settings. Consequently, our research advances the field, offering a robust foundation for
future studies and potential applications across various scientific and engineering disciplines.

Keywords: (8, U )- Convex Structure, convex partial b-metric space. quasi contraction, fixed point,
common fixed point

INTRODUCTION
The Bannach contraction has been generalized in a number of ways and in the literature. Fixed
point results about metric space for the mapping satisfying: d(Tx,Ty)<p[d(x,Tx)+d(y,Ty) | were
established in 1968 by Kannan [1]. for every x,y€H and p€(0,1). In 1970, Takkahashi [2]. presented
the idea of convexity and obtained a few fixed-
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point solutions for non-expansive mapping in
metric space. Reich [3]. expanded and generalized
the Bannach contraction result in 1971 by
proposing a new contraction that, for any x,yeH
and at+b+c<I, where a, b, and ¢ are nonnegative,
satisfied the following formula:
d(Tx,Ty)<ad(x,Tx)+tbd(y,Ty)+tcd(x,y).  Backhtin
[4]. first proposed the idea of a b-metric space in
1989, and numerous fixed point tfixed-pointe been
proved in b-metric spaces. Czerwik [5]. proved the
following outcomes and developed certain fixed-
point theorems in b-metric space in 1993.In 1994,
Matthews [6]. introduced the notion of partial
metric space and proved some fixed-point theorem
concerning bannach contraction theorem. Another
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generalization was convex metric space. Subsequently, Beg [7]. Beg and Abbas [8,9]. Chang, Kim
and Jin[10], Ciric[11]. Ding [12]. and many researchers studied fixed point results in convex metric
space and convex b-metric spaces. After that fixed point results in partial metric space studied by
many researchers. In 2017, Georgescu [13]. studied iterated function systems through partial
generalized contractions in the setting of a —complate metric spaces. In 2020, Sawangsup K.
Sintunavarat W. and Cho Y.J [14]. established fixed point results on orthogonal complete metric
spaces. In 2021, Chen [15]. gave some strong convergence fixed point theorem in the context of
convex graphical rectangular b-metric space (GRbCMS). In 2021, Karaca et. al [16]. established fixed
point theorems for Reich contraction mapping in convex b-metric space satisfying Mann iteration
sequence and also weak T-stability. Recently in 2022, D.K Sharma [17]. introduced the notion &-
convex rectangular metric space and proved some fixed point results for rectangular metric space.

Here, in this research paper we study the existence of fixed point by introducing the notion (5, U)-
convex partial b-metric space and prove fixed point results for different contraction and quote some
examples.[18]. These results can further be extended in other metric spaces.

PRELIMINARIES
We Recall Some Basic Definition Which Will Be Utilized in Our Paper:

Definition 2.1[6]: Let H be a nonempty set the function 2,,: H X H — [0, 0] is called a partial
metric on H if for all u, v,w € H .then the following conditions are satisfied:

i 0=<0,(u,u) <0,(w,v) (small self distance)

i 2,(wv) =02,(v,u) (symmetry)

i, 2,(w,u) = 2,(w,v) = 2:(v,v) iff u =v (equality)

iv. 2,(w,v) <02,u,w)+2,w,v)—-0,w,w) (triangularity)

Then the pair (H, ﬂp) is called partial metric spaces on H.

Definition 2.2[6]: Let H be a nonempty set the function 2,,,: H X H — [0, 0] with s > 1 is called
a partial b-metric on H if for all u, v, w € H .then the following conditions are satisfied:

i 0=<0,,wuw) <02,,(w,v) (small self distance)

i Qp,(w,v) = 2p,(v,u) (symmetry)

i, Qpp(w,u) = 0y, (W, v) = 2, (v, v) if f u = v (equality)

iv. 2, v) < s[2,w,w) +02,(w,v) —Q,(w,w) | (triangularity)

Then the pair (H, Qpb) is called partial b-metric spaces on H. the number s is called the coefficient
of (H,2,p).

Definition 2.3[3]: Letaset C € R and &,U € [0,1] then C is called (8, U )—convex if
ax8+ (1 —a)Uy e C forallx,y € C and a € [0,1]

Definition 2.3[3]: Let a set C € R and &,U € [0,1] then a mapping F:C c R — R is called
(8,0 )—convex if C be a (8, U )—convex set and

T(axé + (1 — a)Uy) < adT(x) + (1 — a)UT(y) forallx,y € C and a € [0,1]

Definition 2.4[3]: Let H be a nonempty set and / = [0,1] .define the function 2.,: H X H — [0, 0]
and a continuous function w: H X H X ] X I — H.then @ is called (&, U )—convex structure on H if:

r(te®,6,¢;a,60)) <adl(t,9)+ (1 —a)r(,6) forallt € H
and (9,0,¢9;a,6,U) € Hx H X ] x1, where ] €1
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Definition 2.5[3]: Let the function w: H x H x | X I - H be a (§, U )—convex structure on a
b-Partial metric space (H,2,,) and I =[0,1] then (H,2,,,@) is called (&, U )—convex b-Partial
metric space.

Definition 2.6[3]: (H, Qyp ,w) be a (§,U)— Convex b-Partial metric space with a function
:H—> H, ford, € H and ¢, € [0,1] then generalize Mann’s iteration sequence (I ) is defined as

Opy1 = @, 00 ; ¢, ,8,0), forallk e N

Example 2.7: Define H=R and 2:H X H — [0,+») be a function defined by 2(9,n) =
|9 —n|*,a >1 and where 9,n € H

Let us define the function @: H X H X % xI->Hbyw(,0,¢;a,60) = 1‘”;_9
-- 9+ 0%
Let v,0,n € H 2(v,@(9,6,¢;),6,0) = |[v,"7|
= | _9+6|"
- 2

2v—9— 9|°‘
2

w-9) , (v-6)|*
R

<I27'w-9)+27t(w-0)|«
< 29727 (v = )| + 27%| (v - 0)]°]
=adl' (v,9) + (1 — a)UI' (v, 0)

Hence (H,Q,,,w) be a (8,0)— Convex b-Partial metric space with a =27'and§,0 =1 .
Now, we take a = 2 then we get

02(3,5) =13 -5|* =4
03B =3-42=1
045 =4-512=1

it is does not satisfying the triangle inequality, Indeed
23,5 =4>0034)+0245) =2

Definition 2.7[6]: Let (H,,,) be a partial b-metric space with coefficient sand {9} be a
sequence in X then

i. The sequence {9} is said to be convergent in (H, Qpb) and convergence to 9* € H, if for all
€ > 0 athere exists 9, € N such that 2,,, (9, 9") <€ forallk > k.

ii. The sequence {9,} is called Cauchy sequence in (H, Qpb) if for all € > 0 there exists 9, € N
such that 2,, (9, V) <€ forall k,m > k.

iii. (H, Qpb) is said to be a complete partial b-metric space if every Cauchy sequence is
Convergent in H.
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Now the following theorems prove by using (5, U)-convex Partial b-metric space
Our Main Results

Theorem 3.1: Let (H¢,I',@) be a complete (5, U )-convex Partial b-metric space with constants
and Q:H — H be a self mapping defined as:

ro,om) < AMax{r,n),r@®,29),r(n,2n)} , forv,n € He

and for some A € [0%) Take 9y € H such that I'(9y,029,) = M < © and

define 9y = @(9—1,209—1;Gx—1,8,U)fork € Nand 0<g¢,_; < Siz, 8,U <[0,1).

Then 2 has a unique fixed point of H.

Proof: for k € N, we have
T, 1) = T'(O%, @Oy, 2% 5 61 ,8,0)) = 61 6 (9, 9x) + (1 — 63 YOI (I, 29y )
IO, 9+1) < (1 — 6 YOI By, 29;).

Now,
T, 20y ) = I'(@ 01,291 ; k-1 ,6,0),29,)
T, 20%) < ¢xoq 6T D=1, 09y ) + (1 — ¢—1 YOI (294_1,029;)

Tk, 20k ) < Gk—1 SO (Fg—1,20k—1) + T (g1, 0y ) — I'(20p—1, 2g—1 )]
+ (1 = 6 YU (20,1, 20y)

< 581 TWO—1,20—1) + {5861 + (1 — Gimq YU (20—, 29y )
< 566k—1 ' (Fp—1,00p-1)
+{s8¢k—1 + (1 = g1 VUIA Max{I' Oy—1, 9k ), T (=1, 291 ), T Ok, 29y )}
< 5061 I'(Op—1,00-1)

-- (1 — 61 JUT (WOp—q , 2031 ),}
+{sd¢cr,_1 + (1 —c¢yp_ U/lMax{
(5061 + (1= G M p g ™ 081 ), P (0, 29, )
Where B=(1—-¢,_,)0<1
< 506y I'(Op—1,020-1)

+Hsbg—1 +BIA Max{ Bl D1, D0ie-1), }

r(ﬁk—liﬂﬁk—l )ir(ﬁk"oﬁk )

There are two possibilities:

Br (Fk-1,00k-1),

Case (i) if Max{ }=F19_ 09,
() F(ﬁk_l’nﬁk—l )lr(ﬁk;ﬂﬁk) ( k-1 k 1)

Then
< S0Gk—1 I'(Og—1,20_1) +{s0¢k—1 + BT (Og—1,00_1)
< {s8¢x_1 +{s6¢p—1 +BIAIT(Ok—1,00_1)
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Put K, = {s6¢x_; +{sé¢r_; +B}A} <1
(O, 29 ) < Ky I'(Op—1,020k—1)

Since 0 <y <3, 8U<1,4€[03) thenk; <1.

BI'(Ox—1,029-1),

Case (ii) if Max{
) I (Sj—r , 21 ), T (S, 20 )

}=re.a00)
Then

< S6Gk—1 T'(Ok—1,005-1) +{s06—1 + BIAT (O, 20y )
[1—{sb¢_1 + BTy, 00 ) < 56,1 I'(Oy—1,29_1)

S6Gk_1
[1—{sd¢r_1 +B}]

r, 00, ) < I'(Ok-1,20,-1)

_ S6¢k—1
PULK, = i sges vpa] = 1

I'(Oy, 20 ) < KoT' (91,291 )

Since 0< ¢y < % §U<1,4€ [0%) then K; < 1.

'O, 29, ) < KI'(Og—1,20,-1)

Since §,U,¢,_; € [0, %) and K < 1,I'(9y,29,) = M < oo then applying k — oo then we get

limk_wo F(ﬁk,ﬂﬁk) =0 and Since, F(ﬁk,ﬁk.'_l) < (1 — Ck )U[‘(ﬁk,ﬂﬁk) < F(ﬁk,ﬂﬁk)

Thus, limk_m F(l9k '19k+1) =0
Now we show that {9, } is a Cauchy sequence. Suppose {9y, } is not a Cauchy sequence and let two

subsequences {ﬁpt} and {ﬁqt} of {9,} such that q, >p, >t satisfying F(ﬁpt,ﬁqt ) >
eand I (ﬁpt_l g, ) < € then by triangularity property

esr (ﬁm'ﬁ‘h ) =s [F (ﬁpt'ﬁqt+1 ) +r (19‘“"'1 +Og; ) -r (19‘“+1 Daes ) ]
Taking t —» o and applying above values then we get
limsupF(ﬁpt,ﬁqt ) <e€

t—> oo

Now, I (9, 0g.41 ) = I (@(Fpe-1, 20,13 6pe1 »8,0), 941 )
< 66p—1 T (9p—1.Pppr ) + (1= Gppms YOI (291,811 )
< 66p-1 T (Op-1,pe1 )
+(1 = ¢p,—1 )US[I(Q9p,—1,9p, ) + T (9, , 9p,41)]

{1 - (1 ~ Spe-1 )US}F(ﬁPt ,19m+1) = 6';1%—1 r (ﬁpt—l ’0Pt+1 )
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+(1
— Cpe—1 )Us F(‘Qﬁpt—l 'ﬁpt)

Therefore letting t — o then we obtain lim,_,. Sup I'(9,, ,9p,+1 ) < €, which is contradiction.
Thus {9, } is a Cauchy sequenceH.. By completeness of H. there exists 9* € H. such that
lim;,o, I'(9,,9*) = 0.

Now we claim 9™ is a fixed point of 0.

r@*, 20*) <s[r*,9,) +r(®,, 09*) —ry*, 29*)]

r@*, 09*) < s?[r(¥,9,) +r(9,,029,)] +s[rey,, 29+)]

r@*, 29*) < s?[r(¥*,9,) +Ir(9,,09, )| + AsMax{r(9,,9*),(9,,29,), (9", 09" )}
r@*, 09*) < s?[r(¥,9,) +r9,,09, )| + AsMax{r(9,,9*), (9, 29,), [ (9", 09" )}
Letting t — oo then we get

r@*, 29*) < AsMax{r(9*,09*),sr(9*,029*)}

r@*, N9*) < As*r®*09*)

So Ir'(¥*,09*) =0 = 9* = NY*

Hence 9" is a fixed point of of Q.
Uniqueness: Suppose O is another fixed point of  then we have 29* =9* and 26 =06 .

Now I'(9%,0) = I'(29*,020)
< AMax{r(¥*,0),r(¥*,29*),r6,06)} < AMax{I (9%,0), (9*,9%),I'(6,0)}
r©+,e) < Ar®+e)
(1-A)Tr®¥,6)<0
(1-A)#0, I'@®,6)=0=29"=0
Hence proof.

Theorem 3.2: Let (H, I',@) be a complete (8, U )-convex Partial b-metric space with constants
s>1 and Q:H; = H, be a quasi contraction mapping defined as: [19].

rd,0n) < AMax{r@,n),r®,29),r(m,an),r@©,2n),rn 29)} , ford,n € He
and for some A € [0%) Take 9y € H such that I'(9y,029,) = M < o and
define 9y = @(9y—1,29_1; k1,8, U0)fork € Nand 0<g¢,_; < S%,S,U < [0,1).

Then 2 has a unique fixed point of H.

Proof: for k € N, we have
'Oy, V41) = F(ﬁk»w(ﬁkﬂﬁk;% )8, U)) = ¢ T (O, 9x) + (1 — ¢ YUT' (I, 29y)
IO, 9+1) < (1 — ¢ YUT (B, 29;).

Now,

© STM Journals 2024. All Rights Reserved 29



Recent Trends in Mathematics
Volume 1, Issue 1

T, 29y ) = I'(@Ok—1,20-1; k-1 ,6,0),020)
Tk, 29y ) < ¢x—q 6T (Ok—1, 29, ) + (1 — 61 YU (29)_1, 02Yy)

T@g, 2k ) < ¢x—1 SO -1, 20k—1) + I'(Q0k—1, 0y ) — ' (Q0g—1, 0y )]
+ (1 = ¢, JUI (-1, 29 )

< 566,—1 TW—1,29—1) + {861 + (1 — ¢p—1 YU (Q0p—1, 29 )
< 5061 I'(Op—1,00p-1)

+{s8¢k—1 + (1 —gr_1 )UM Max{ F @19, T Op—1, 20p—1), }

I'(Ok, 20y ), T (Ok—1,29 ), T (O, 2941 )
< 5061 I'(Op—1,00p-1)

2 (1 = -1 )Ur(ﬁk—l 20,1 ), T (Og—q, 291 ),
+{s6¢r_1 + (1 —¢r_q )UM Max{ }
Pk Pkt Iy, 205 ), T (D1, 20 ), TSy, 2y_1)

< 56Gk—1 T'(Op—1,00x-1)

) (1 =1 )Ur(ﬁk—l A1), T (Op—1,20%_1),
+{sO¢k—1 + (1 —gx_1 JUAMax{ 'Oy, 00 ) AT Ok—1,9% )+ 1:'(79](:-(219]( )}
F(w(ﬁk—l "Qﬁk—l 3 Sk—1 » 6' U)"Qﬁk—l )
< 56G—1 T'(Op—1,00x-1)
) (1 =1 )Ur(ﬁk—{'ﬂﬁk—l ) T (O—1,00k_1),
+{sb¢p—1 + (1 = gp—1 VUIA Max {I' (9,29 ), {(1 — ¢r_1 )Ur(ﬁk—lrﬂﬁ_l_c—ﬂ + I'(O, 29 )},
F(w(ﬁk—l "Qﬁk—l 3 Sk—1 » 8' U)'Qﬁk—l )

< 88Gk—1 I'(Ok—1,20_1)

) (1= )Uf(ﬁk—;_’ﬂﬁkq ), T (Ok—1,00k_1),
H{s6¢k-1 + (1 =61 JUA Max I (9, 29y ), {(1 = g JUTr (g1, 20y _1 ) + ' (9, 29 )},
Cke1 T'(Ok=1,20k—1) + (1 — G )T (g1, 20k—1 )

< 56Gk_1 T'(Og—1,20%_1)

{7 Or-1,20y1) + T' Oy, 20 )} 61 T Op—1, 20y—1)
Where§ = (1—¢_1)0<1

I, N9, ) <

§6Gk—1 I'(Op—1,00k_1) +{s8g_1 +E3A Max{

IO, 201, T (O—1, 201 ), T (O, 2 ),
+{s6¢k—1 +f}/1Max{ T Dpe—1, 20je—1 ), T k-1, 20p—1 ), T Dy, 20y ) }

§I (Ok—1,M20)—1), }
{&r (Og—1,00k—1) + T Ok, 29 )}

T, 20y ) < s8¢ T'(Op—1,20x—1) + {5661 + EIAET Op—1, 001 ) + ' (O, 29y )

[1—{s6¢x—1 + &AL WOy, 20y ) < [s6¢—1 + {5661 + EIAEI (Ok—1,20—1)

[s6¢r—1 +{sbgx_y +$}AE]
[1—{s6¢x-1 +&}4]

Since §U€e[01),4€ [o%) , 0< gy <p,and §<1,T(9p,00) =M< oo . then
applying k — oo thenwe get limy_ o, ['(9%,29;) =0 and

F(‘L9k,.Q‘L9k) < F(ﬁk—lrﬂﬁk—l)

since, 'O, 9xsr) < (1 — ¢ YOI (S, 29;) < (S, 29;)
ThUS, limk_,oo F('ﬁk ,l9k+1) =0
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Now we show that {9, } is a Cauchy sequence. Suppose {39y, } is not a Cauchy sequence and let two
subsequences {ﬁpt} and {ﬁqt} of {9} such that q, >p, >t satisfying I (ﬁpt 9, ) >
eand I (ﬁpt—l'ﬁqt ) < € then by triangularity property

esl (ﬁpt O, ) =s [r (ﬁpt g1 ) +r (19‘“"'1 Do, ) -r (19‘“"'1 Daean ) ]

Taking t —» o and applying above values then we get
lim sup;_,e F(ﬁpt,ﬁqt ) <e€
Now, I (9, 8,41 ) = I (@(Fpe-1, 20,13 Gpe1 »8,0), 941 )
< 66,1 T (Ope—19pee1 ) + (1= Gppms )OI (205,21, 911 )
< 66p1 T (Op-1,pe1 )
+(1 = ¢p,—1 VUS| (20,1, 29,41 ) + T (20,41, 9p,41)]
< 66pe1 I (Op1pee1 ) + (1= Gpot YOS (@911, 0p 1)
T'(9pe-1,9pes1 ) T (Op,-1,29p,—1 ),
+(1 = ¢p,—1 )Us AMax T (9p,+1,20p,41 )i T (p,—1, 29,41 ),

F(ﬁpt*‘l ’ ‘Qﬁpt—l )
<

86pi-1 ST (9p=1,0p, ) + T (99, 01 )]+ (1= Gpms YUST(20p01, Bpyas)
(sr (9pe=19p, )+ ST (95 e ), )
T (Op-1,29p,—1 ). T (Op.+1, 20p,41 ),
ST (Op,—1,9p,+1 ) + ST (Op41, 20,41 ),f
ST (8py41,p,—1 ) + ST (8p,_1, 00, _1 ) )
< 66p-1 5 [T (8pi=1 99, )+ T (85, Opps )| + (1= 6ppms YUST (@04, 0,41
+(1-

+(1—¢p,—1 )Us A Max

ST (Op,=1,9p, ) + ST (O, Ope1 )
T'(9p,-1,29p,—1 ), T (9p,t1,29p.41 ),
S[M (99-1,5, ) + T (99, i1 )|} + ST (par 0011 ),
s{s[F (94185, ) + T (99, 91 )|} + ST (991, 29p,—1 ) |

< 66p,—1 S€E+ (1 — Cpp—1 )Us A Max{se, s%€}
< 66p,—1 SE+ (1 — Cp,—1 )US As?e

¢p,—1 )Us A Max s{

Letting t — oo then we get lim,_,cosup I’ (ﬁpt g1 ) < e. This is contradiction. Thus {9, } being

Cauchy sequence in H. By completeness of H , there exist 9* € H such that lim;_,, I‘(Bp,ﬁ* ) =0.
Now we shall prove 9* is a fixed point of of (2 for this

r@*, 09*) <s[r(®*,9,)+r(®,, 29*) - rwy, 29*)]
r@*, 09*) <s[r(¥,9,)+r®,,09,)] +s*[r(Q9,, 29*)]

r@*, 09%) <
s[r(9*,9,) + (9,09, )] +
As*Max{I'(9,,9%), T (9,,029,), [ (9*,029%),I(9,, 29" ), (9*,029,)}
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re*, 09*) <

r'(9,,9%), (9, 29,), ", 29"),
S[F(ﬁ*'ﬁp)+F(‘9p’919p)]+/152Max{ (8 97), T (9, 25, ), T'( ) }

sT(9,,9° ) + sC(9*,00%),sI'(9%,9,) + s (9, 29,)
Letting t —» oo then we get

r@*, 09*) < As?Max{I'(9*,09* ), s’ (9*,29* )}

r@*, N9*) < As*r®*09*)

SoIr(®*,N9*) =0=9* = NY*

Hence 9" is a fixed point of of Q.
Uniqueness: Suppose O is another fixed point of Q then we have 29" = 9* and 26 =6 .
Now I'(9%,0) = I'(9*,026)

< AMax{T'(9*,0),I'(9%,09%),I(6,020),I'(9*,00),I'(8,29)}
< AMax{Ir (9*,0),I'(9*,9%),I'(8,0),I'(9%,0),I(6,9)}
r*e) < Ar®+e)
(1-A)T®,e)<0
(1-A)#0, I'¥,0)=0=>9"=0

Hence proof.
Theorem 3.3: Let (H, I',@) be a complete (8, U )-convex Partial b-metric space with constants
s>1 and 2:H; = H be a kannan type contraction mapping defined as:[20]

r g, 0n) < A{r@©,20)+rm0m} , ford,n e He
and for some A € [0%) Take 9y € H¢ such that I'(9y,029,) = M < o and

define 9y = @(9_1,209_1; 61,8, U)fork € Nand 0<g¢,_; < i,and §,0<[0,1). Then
) has a unique fixed point of H.
Proof: for k € N, we have
I O Oes1) = T (O @B, 25 61 ,8,0)) = 61 ST e, 0) + (1 = 63 YU (B, 29y )
IOk, Oks1) < (1= 64 YU @y, 29y ).

Now,
Ty, 29, ) = I'(@(Ok-1,20—1;Sk-1,6, U)'Qﬁk )
T, 20%) < ¢poq ST D=1, 09 ) + (1 = ¢—1 YU (294_1,020y)

F(ﬁk ,.(219]() < Cr—1 56[[‘(19](_.1-,19]() + F(ﬁk,ﬂﬁk) - F(Qﬁk ,.(219]( )]
+ (1 = ¢p—1 JUI (20y—1, 29y )

Tk, 29y ) < ¢x—q SO o1,k ) + T WOy, 29, )] + (1 — ¢—1 YUT (Q9p—1, 29y )

Tk, 20 ) < ¢k—1 S6(1 = =1 I Ok-1,2 Vg—1) + Gx—1 S6I" (I, 20y )
+ (1= 6g—q JUMT g1, 29p—1 ) + T (O, 29 )}

[1—¢x—1 56 — (1 — ¢, YUAIT (W%, 29% ) < (1 — Gp—q1 )Sk—1 56 + VAN (Og—1,02 p—1)
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(1—¢x—1 )sr—1 s6+04]
[1-¢k—1 s6—(1—¢x )UA]

. (A=6¢x—1 )lgk—1 s6+04]
Put j = [1—¢r—y s6—(1—c )UA] — L

Tk, 20y ) < JT (Og—1,02 1)

T(9,00,) <

I'(Ok-1,20_1)

Since  8,0€[01) and j<1,4€(0,5), 0< gy <3, and (9, 20)=M<oco then

gives I'(9y, 29;,) is non increasing sequence of positive reals. By Theorem (3.1) we follows {9, } is a
Cauchy sequence. Now we shall prove 9* is a fixed point of of 2 for this

r@*, 09*) <s[r(®,9,)+r(®,, 29*)-rwy:, 09*)]

r@*, 29*) <s[r©,9,)+r®,, 29*)]

r@*, 09*) <sr(¥+,9, )+ s*[r(9,,09, )+ r(Qv,, 29*)]

r@*, 09*) <sr(9+,9, ) +s?r(9,,09, ) + s?A[r(9,,09, ) + r@*, 29)]
[1-s2AIr @, 29%) < sT'(9%,9, ) + (1 + s (9, ,029,)

. . s . (1+s?)
r@-, 09 )Smf(ﬁ ,ap)+mr(sp,aﬁp)

Asp > o, we get lim,_,, (9", 29") =0
SoTr(¥,09*)=0=9" = N9*
Hence 9~ is a fixed point of of .

Uniqueness: Suppose O is another fixed point of Q then we have 29* =9* and 26 =06 .
Now I'(9*,0) = I'(29*,00)

< MI(9%,020%) + T'(6,00)} < A{'(®*,9%) + I'(6,0)}
r@,e)=0=9"=0

Hence proof.
Theorem 3.4: Let (H.,I',@) be a complete (8, U )-convex Partial b-metric space with constants
s>1 and Q:H; = H. be a Reich type contraction mapping defined as:

ro,om) <6r@®,n) + A{r@®,09)+r,2n)} , forv,n € He

and for some A € [0, %) Take 9y € H; such that I'(9y,29,) = M < o and

define 9y = @(9j—1,29_1; k1,8, U0)fork € Nand 0<g¢,_; < i,and §,0<[0,1). Then
0 has a unique fixed point of H.

Proof: similar prove as Theorem 3.3.

CONCLUSION

In this research paper we studied study the existence of fixed point by introducing the notion (5, U)-
convex structure and prove fixed point results for different types of contraction in concerning of
partial b-metric space and quote some examples . These results can further be extended in other metric
spaces.
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