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Abstract: The function ¢: V (G) — {F1, F2,..., Fn}, where Fj is the jth Fibonacci number
( = 1,..., n), is said to be Fibonacci product cordial labeling if the induced function ¢*: E
(G) — {0, 1} defined by @* (uv) = (p(w)e (v))(mod 2) meets the criterion |ep*(0) —
ep*(1)| < 1. A graph known as the Fibonacci product cordial graph is one that permits
Fibonacci product cordial labeling. The abstract summarizes a research paper that extends
the study of cordial labeling to include Fibonacci product cordial labeling, focusing on the
Herschel graph and its behavior under various graph operations. The Fibonacci product
cordial labeling of the Herschel graph and several graph operations on it were examined in
this work.
We established the following findings in this paper:

(1). The Herschel graph Hs is a Fibonacci product cordial graph.

(2). In a Herschel graph, a Fibonacci product cordial network is formed by fusing any



two neighboring vertices of degree

(3). Herschel graphs are Fibonacci product cordial graphs when any vertex in the graph

is duplicated.

(4). The switching of a central vertex v in the Herschel graph Hs is a Fibonacci product

cordial graph.

(5). The graph obtained by joint of two copies of Herschel graph Hs is a Fibonacci

product cordial graph.
(6). DS(Hs) is Fibonacci product cordial graph.

Keywords: Fibonacci: Productcordiallabeling,fusion, duplication, switching, joint sum,
degree splitting.
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Introduction

If a finite undirected graph contains neither loops nor parallel edges, it is referred to as
a graph. For standard notations and terminology in graph theory, see Harary [1]. A
mapping from a set of numbers, usually a set of positive or non-negative integers, to
the graph members is called a graph labeling.. Edge labeling is discussed if the domain
is the set of edges. Labeling is referred to as total labeling if labels are applied to both
vertices and edges.Fibonacci cordial labeling, prime cordial labeling, full cordial
labeling,[2] and product cordial labeling are all included in the notion of cordial
labeling.

For an engaging review of several graph labeling methods, we refer Gallian [3].
In 2019, Tessymol Abraham and Dr. Shiny Jose[4] introduced Fibonacci product cordial
labeling, another variant of cordial labeling.Some special graphs with Fibonacci cordial
labeling have been described by Rokad and Godasara [5]. The Fibonacci divisor cordial

labeling of the Herschel graph with several graph operations was covered by Rokad [6].

Definition 1. A Herschel graph Hs is a bipartite undirected graph with 11 vertices and 18
edges.



Figure (A)

In this paper, we always fix the position of vertices v, ug, u2, ..., u1gof Hs as
indicated in the above Figure(A), unless or otherwise specified.[7]

Definition 2.Given a graph G, let u and v be its two different vertices.A single vertex, X, in
G1 is used to fuse (identify) two vertices, u and v, creating a new graph G1, so that any
edges that previously incident with u or v in G now incident with x in G1.

Definition 3. A new graph G1 is created when a vertexv,’ with N(v,) = N(v,’) is added to a
duplicate vertex (vk) of graph G.Put differently, if every vertex that was previously next to
vk is now adjacent to v,’, then a vertex v, is considered a duplicate of vk.

Definition 4.The graph that results from joining the vertices of the first and second copies
of a graph G is referred to as the joint sum of the two copies of G.[8]

Definition 5. Given a graph V = S1uS>uSsu let G = (V(G), E(G))... For any Si, there are at
least two vertices of the same degree, and T is equal to V\uSi. By adding vertices wi, wa,
wa,... Wrand linking to each vertex of Si for 1< i <t, one can construct the degree splitting
graph of G, represented by DS(G), from G.[9]

Main Results



Theorem1.The Herschel graph Hg isa Fibonacci product cordial graph.

Proof: Let G = Hg be a Herschel graph and let v be the central vertex and uj (1<i<10) be
the remaining vertices of the Herschel graph.Then |V(G)| = 11 and |E(G)| = 18.
We define the labeling f: V(G)-{1,2,...,|V(G)|} as follows.

f(v) = Fq, f(u1) = F2, f(u2) = Fs,

f(us) = Fe, f(us) = Fo, f(us) = F4,

f(us) = Fs, f(u7) = F7,f(us) = Fs,

f(us) = F1o, f(u10) = F11.

From the above labeling pattern, we haveef(0) =ef(1) = 9.

Hence |ef(0) —ef(1) | < 1.

Thus Herschel graph Hg is a Fibonacci product cordial graph.[10]
Examplel.Figure 1 depicts the cordial labeling of the Herschel graph Hs using the
Fibonacci product.

P
Figurel

Theorem 2.A Fibonacci product cordial graph is created when any two neighboring

vertices of degree 3 in the Herschel graph fuse together.

Proof: Let Hg be the Herschel graph with [V(Hg)| = 11 and |E(Hg)| = 18.Let v be the
central vertex of the Herschel graph and it has 3 vertices of degree 4 and 8 vertices of



degree 3. Let G be the graph obtained by fusion of two adjacent vertices of degree 3 in the
Herschel graph of Hs.

Then [V(G)| = 10 and |[E(G)| = 17.

We define the vertex labeling f:V(G)-{1,2,...,|V(G)|} as follows.

Case1.Fusion of u2 and ug,

Suppose that u and ugare fused together as a single vertex u.

f(v) = F1, f(u) = Fuo,

f(u1) = Fs, f(us) = Fs, f(us) = Fo,

f(U5) = Fz,f(U7) = Fy, f(Ug) = Fs,

f(ug) = F7, f(u10) = Fe.

Case 2.Fusion of uz and ug,

Suppose that uz and ug are fused together as a single vertex u.
f(v) = Fy, f(u) = F1o,

f(u1) = Fs, f(u2) = Fs, f(us) = Fo,

f(U5) =F,, f(Ue) = [y, f(U7) = Fs,

f(us) = F7, f(ug) = Fe.

Case3.Fusion of ug and u1.

Suppose that ug and u1( are fused together as a single vertex u.
f(v) = Fy, f(u) = F1o,

f(u1) = Fs, f(u2) = Fs, f(uz) = Fo,

f(us) = Fo, f(us) = F4, f(u7) = Fs,

f(ug) = F7, f(ug) = Fe.

Case 4.Fusionofusandug,

Suppose that ug and ug are fused together as a single vertex u.
f(v) = F1, f(u) = Fuo,

f(u1) = F3, f(u2) = Fe, f(uz) = Fo,

f(us) = Fo, f(us) = F4, f(u7) = Fs,

f(ug) = F7, f(u1o) = Fs.

Case 5.Fusion of ug and us,
Suppose that ug and us are fused together as a single vertex u.



f(v) = Fy, f(u) = Fao,

f(u1) = F3, f(u2) = Fe, f(u3) = Fo,
f(us) = F2, f(u7) = Fa, f(us) = Fs,
f(ug) = F7, f(u10) = Fe.

Case 6.Fusion of u1 and usg,

Suppose that ug and uq are fused together as a single vertex u.
f(v) = F1, f(u) = Fao,

f(u2) = Fs, f(us) = Fs, f(us) = Fo,

f(ue) = F2, f(u7) = F4, f(us) = Fs,

f(uo) = F7, f(u10) = Fs.

Hence |ef(0) —ef(1) | < 1.

Hence, the fusion of any two adjacent vertices of degree 3 in the Herschel graph is a
Fibonacci product cordial graph.[11]

Example2.Fibonacci product cordial labeling of fusion of usand ujp in Hs js shown in

Figure 2.

Figure 2

Theorem3.The duplication of any vertex in a Herschel graph is a Fibonacci product cordial
graph.[12]



Proof: Consider the Herschel graph Hs, where |E(Hs)| = 18 and [V(Hs)| = 11.Let v be the
central vertex in the Herschel graph Hs, and let uk' be the vertex uk 's duplicate. Let G be the
graph that results from multiplying the single vertex of degrees 3 and 4 in Hs by two. [13]
Then |V(G)| = 12 and |E(G)| = 21.

We define the vertex labeling f:V(G)-{1,2,...,|V(G)|} as follows.

Casel.Duplication of vertex uk, where k =1,3 4,5,6,9.
f(V) = Fq, f(uk'):Fll,

f(u1) = Fo, f(u2) = F3, f(uz) = F4,

f(U4) =Fs, f(U5) =F, f(Ue) = Fe,

f(u7) = Fs, f(ug) = Fo, f(ug) = F12,

f(u10) = F1o.

Case 2.Duplication of vertex uk,where k =2, 10.

f(V) =Fy, f(uk'):Fll,

f(u1) = Fs, f(u2) = F2, f(uz) = F4,

f(us) = Fs, f(us) = Fs, f(ue) = F7,

f(u7) = Fs, f(ug) = Fo, f(ug) = Fo,

f(u10) = Fro.

From all the above cases we have |ef(0) —ef(1) | < 1.
Hence, the duplication of any vertex in a Herschel graph is a Fibonacci product cordial
graph.[14]

Example3.Fibonacci product cordial labeling of the duplication of the vertex uso in Hs js
shown in Figure 3.



Figure 3

Theorem4.The switching of a central vertex v in the Herschel graph Hs is a Fibonacci
product cordial graph.
Proof: Let Hg be the Herschel graph with |V(Hg)| = 11 and |E(Hg)| = 18.Let v be

the new graph created by swapping the core vertex, G, with the central vertex

v. Then |[V(G)| =11 and |[E(G)| = 20.

We define the labeling f:V(G)—{1,2,...,|V(G)|} as follows.

f(v) =F¢

f(u1) = Fs, f(u2) = F2, f(uz) = F4,

f(U4) =Fs, f(U5) =Fy, f(ua) = Fsg,

f(u7) = Fao, f(us) = F11, f(ug) = Fe,

f(u10) = Fo.

From the above labeling pattern, we observe that e(0) = ef(1) = 9.

Hence, |e(0) —ef(1) | < 1.

Thus, the switching of a central vertex v in the Herschel graph Hs is a Fibonacci product
cordial graph.

Example4.Fibonacci product cordial labeling of switching of a central vertex v in Hg is
shown in Figure 4.
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Theorem 5. The graph obtained by joint of two copies of Herschel graph Hs is a Fibonacci
product cordial graph

Proof. Let G be the joint of two copies of Herschel graph Hs. Let{u,u1,u2,...,u10}
and {v,v1,v2,...,v10} be the vertices of first and second copy of Herschel graph Hs
respectively. Then |V(G)| = 22 and E(G) = 37.

We define the vertex labeling f:V(G)—{1,2,...,|V(G)|}as follows.

f(u) = Fs,

f(u1) = Fyq, f(u2) = F2, f(uz) = F4,

f(us) = Fs, f(us) = Fs, f(ue) = Fo,

f(u7) = Fi2, f(us) = F1s, f(ug) = Fus,

f(u10) = Fo1.
and
f(v) = F,

f(v1) = Fs, f(v2) = Fio, f(v3) = Fus,

f(va) = F13, f(vs) = F1a, f(v6) = Fis,

f(v7) = F17, f(vg) = F1g, f(v9) = Foo,

f(v10) = F22.

From the above labeling pattern, we observe that ef(0) = 18, ef(1) =19.

Hence, |e(0) —ef(1) | < 1.

Thus,the graph obtained by joint of two copies of Herschel graph Hs is a Fibonacciproduct
cordial graph.

Example 5. Fibonacci product cordial labeling of the joint of two copies of Herschel graph



Hsis shown in Figure 5.

Figure 5

Theorem 6. DS(Hs) is Fibonacciproduct cordial graph.

Proof .Consider Hswith V' (Hs) = {v, ui: 1 <i<10}.Here V (K1,n) = V1 uV2,
where V1= vertices of degree 3 and V2= vertices of degree 4 . Now in order to
obtain DS(Hs) from G, we add wiand w2 corresponding to V1 and V2. Then
V(DS(Hs))|= 13 and [E(DS(k1,n)) |- 28.

We define the labeling f:V(G)-{1,2,...,|V(G)|}asfollows.

f(v) = Fg, f(wy) = Fy, f(w1) = Fo.

f(u1) = Fa3, f(u2) = F3, f(us) = Fo,

f(us) = F12, f(us) = Fe, f(us) = Fa,

f(u7) = Fuq, f(ug) = F7, f(ug) = Fs,

f(u10) = F1o.

From the above labeling pattern, we observe that ef(0) =15, ef(1) = 14.

Hence, |ef(0) —ef(1) | < 1.

Thus, DS(Hs) is Fibonacciproduct cordial graph.

Example 6. Fibonacci product cordial labeling of DS(Hs) is shown in Figure 6.



Figure 6

Conclusion
In this paper we have proved six new results of Herschel graph. The goal of the
cordial graph is to investigate some new Fibonacci products. By proving six new
results related to the Herschel graph, the paper contributes to the theoretical
foundation of graph theory. Simultaneously, by exploring new Fibonacci products in
the realm of cordial graphs, it aims to uncover novel interactions and applications
that enrich our understanding of these mathematical structures.
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