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Abstract 

Fixed-point theory plays a fundamental role in nonlinear analysis and has significant applications in 
optimization, differential equations, and applied mathematics. This study investigates the existence and 

properties of fixed points and best proximity points for various classes of mappings defined on metric 
and normed spaces. While fixed-point results guarantee the existence of a point that remains invariant 

under a given mapping, such points may not exist when the mapping is defined between disjoint subsets. 
In such cases, the concept of best proximity points provides an optimal approximate solution by 

minimizing the distance between the point and its image. The paper presents generalized conditions 
under which fixed points and best proximity points exist, focusing on contractive-type mappings and 

cyclic mappings. Several theoretical results are established using completeness, compactness, and 
continuity assumptions in metric spaces. The relationship between fixed-point theorems and best 

proximity point theorems is also examined, showing that fixed-point results can be obtained as special 
cases of best proximity point principles when the involved sets intersect. Illustrative examples are 

provided to demonstrate the applicability of the obtained results. The findings contribute to the 
development of nonlinear analysis and provide a unified framework for studying fixed points and best 

proximity points in different mathematical settings. 
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INTRODUCTION 
Fixed point theory is widely regarded as one of the most influential and productive branches of 

modern mathematics. It focuses on the existence, uniqueness, stability, and structural properties of fixed 
points, together with their broad applications across scientific disciplines, including physics, 

optimization, machine learning, and nonlinear analysis [1]. Over the past century, numerous fixed-point 
results have been established, forming powerful analytical tools for locating equilibrium and optimal 

solutions in diverse mathematical models [2]. 
 

The origins of fixed-point theory trace back to the late nineteenth and early twentieth centuries, where 
iterative techniques were used to prove the existence and uniqueness of solutions to differential and 

integral equations. Classical scholars such as Peano, 
Picard, and Liouville laid the crucial groundwork 
for successive approximation methods [3]. Among 
the most celebrated results, the Banach Contraction 
Principle stands as a cornerstone due to its elegant 
structure, which requires only contraction 
conditions and completeness of the metric space. 
Banach’s original dissertation (1922) demonstrated 
the theorem’s utility in C [0, 1] particularly in 
establishing integral solutions — leading to 
numerous extensions and generalisations [4, 5]. 
Following Banach’s seminal contribution, 
generalised contraction mappings were developed 
to broaden the applicability of fixed-point theory. A 
classical milestone includes Boyd and Wong’s 
extension via comparison functions, which 

*Author for Correspondence 

Sumitra Jena 

E-mail: sumitrasahubhilai@gmail.com 

 
1Research Center, Department of Mathematics, Faculty of 

Science, Shri Rawatpura Sarkar University, Raipur 

Chhattisgarh, India 
2Assistant Professor and HOD I/C, Department of 

Mathematics, Shri Rawatpura Sarkar University, Raipur 

Chhattisgarh, India 
 

Received Date: February 09, 2026 

Accepted Date: February 26, 2026 
Published Date: March 10, 2026 

 

Citation: Sumitra Jena, Akanksha Dubey. A Study of Fixed-
Point and Best Proximity Point. Recent Trends in Mathematics. 

2026; 3(1): 28–38p. 



 

 

A Study of Fixed-Point and Best Proximity Point                                                                            Jena and Dubey 

 

 

© STM Journals 2026. All Rights Reserved 29  
 

strengthened metric fixed-point theory and further reinforced its practical impact [6, 7]. Fixed point 
theory now incorporates several advanced elements such as proximal contractions, stochastic spaces, 
and ordered or fuzzy metric structures [8–12]. The fundamental intuition behind fixed points lies in 
geometric interpretation: a point remains invariant under a mapping, representing the intersection of the 
function with the identity line — a concept extensively addressed in primary mathematical literature [13].  

 

Analytical frameworks enable rigorous characterisation of stability and model convergence, making 
fixed-point results crucial for solving nonlinear problems in engineering, fractional calculus, and 

scientific computation [14, 15]. However, in numerous scenarios, particularly involving non-self-
mappings, exact fixed points may not exist. To address such instances, the best proximity point theory 

emerged as an extension of classical results. 
 

It focuses on constructing points that minimise the distance between x and its image Tx, thereby 
providing optimal approximate solutions when fixed points fail to exist [16, 17]. Recent advances in 

the field establish the best proximity point theorems in fuzzy, quasi-metric, and hyperconvex spaces 
using generalised proximal contraction principles [18].  

 
Notably, many classical fixed-point theorems, such as the Banach contraction principle,can be 

viewed as exceptional cases of these more general proximity frameworks, demonstrating theoretical 

continuity and a broader scope of applications [19]. Consequently, the best proximity point theory not 
only generalises established fixed-point methodologies but also enables their utilisation in more 

complex environments involving multivalued operators, variational systems, and nonlinear differential 
equations [20, 21]. 

 
In summary, fixed-point theory — and its extension into best proximity point theory — continues to 

expand due to its robust analytical foundations and widespread practical relevance. Ongoing 
explorations in quasi-metric, fuzzy, and cyclic contraction settings ensure its enduring contribution to 

contemporary mathematical research and scientific problem-solving [22–56]. 
 

RESEARCH GAP 
Despite substantial advancements in fixed point theory and best proximity point theory (BPPT), 

several critical research gaps persist in contemporary literature. Studies published up to 2025 have 
extended BPPT across various settings, including fuzzy metric spaces, neutrosophic structures, 

Busemann convex spaces, and generalized contraction mappings. However,  
1. Many of these contributions remain confined to scenarios governed by restrictive conditions such 

as strong convexity, hyper-convexity, or rigid contractive constraints, which limit their 
practicality in more general and irregular metric structures (De la Sen et al., 2013).  

2. Additionally, recent research predominantly examines single-valued or cyclic mappings, while 

multi-valued, hybrid, and dynamic mappings—particularly relevant to real-world contexts such 
as optimization, nonlinear analysis, and machine learning—receive insufficient attention (Das et 

al., 2025; Pradhan et al., 2025; Sezen, 2025).  
3. Furthermore, the integration between fixed point theory and BPPT is still emerging, with limited 

progress on common best proximity points, coupled proximity behaviors, and proximal 
contractions induced by simulation or control functions.  

4. The literature also reveals a notable scarcity of iterative or algorithm-based approximation 
techniques for computing optimal proximity points, despite their significance for practical 

implementation in computation and numerical analysis (Gabeleh, Markin, &Rakočević, 2023).  
 

Therefore, there remains a pressing need for more general, flexible, and computationally oriented 
frameworks that improve the theoretical depth and applied utility of BPPT across diverse mathematical 

and scientific domains. 
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The study of fixed-point and best proximity point theory plays a significant role in nonlinear analysis 

and its applications across mathematics, engineering, and optimization. A fixed point of a mapping is 
an element that remains invariant under the given function, and classical results such as Banach’s 

contraction principle provide foundational tools for proving existence and uniqueness of such points in 
complete metric spaces. Over time, this theory has been extended to more generalized settings, 

including partial metric spaces, cone metric spaces, and modular function spaces, broadening its 
applicability. 

 
However, in many practical situations, particularly when dealing with non-self mappings between 

two subsets of a metric space, fixed points may not exist. This limitation led to the development of best 

proximity point theory, which aims to find points that minimize the distance between two sets. A best 
proximity point is defined as a point in one set whose distance to its image in another set is equal to the 

minimal possible distance between the two sets. This concept is especially useful in optimization 
problems, approximation theory, and equilibrium analysis. 

 
Recent literature has focused on establishing existence and convergence results for best proximity 

points under various contractive conditions, such as weak contractions, cyclic contractions, and Meir–
Keeler type mappings. Researchers have also explored hybrid approaches combining fixed-point and 

best proximity point frameworks to address more complex problems. Additionally, the integration of 
graph theory and ordered metric spaces has provided new perspectives, allowing the extension of 

classical results to structured domains. 
 

Applications of these theories are found in differential equations, game theory, and computational 
mathematics, where iterative methods are used to approximate solutions. The ongoing research 

emphasizes not only theoretical advancements but also algorithmic implementations, ensuring practical 
relevance. Overall, the study of fixed-point and best proximity point theory continues to evolve, offering 

robust tools for solving both abstract and applied mathematical problems (Table 1, 2 & 3). 
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OBJECTIVES OF THE STUDY 

1. To analyze key conditions ensuring the existence and uniqueness of fixed points and best 

proximity points in metric and Banach spaces. 

2. To analyze generalized contraction mappings using analytical methods, extending classical 

results. 

3. To establish analytical frameworks connecting fixed point theory and best proximity point 

theory, especially for non-self and cyclic mappings. 

4. To analyze the application in nonlinear problems, optimization models, and approximation 

processes through examples and analysis. 

 

PROPOSED METHODOLOGY 

Analytical Study of Fundamental Conditions 

To achieve the first objective, the research will begin with a detailed study of existing theorems and 

conditions related to the existence and uniqueness of fixed points and best proximity points in metric 

and Banach spaces. Definitions, assumptions, and structural properties will be examined using 

analytical tools. This step involves comparing different conditions from classical and modern research 

to understand their roles and limitations. 

 

Examination and Extension of Generalized Contraction Mappings 

For the second objective, various types of contraction mappings—such as Banach, Kannan, 

Chatterjea, and proximal contractions—will be collected and analyzed. The research will explore how 

these mappings behave under generalized or modified conditions. Based on this analysis, new or 

extended forms of contraction-type results will be developed. 

 

Development of Frameworks for Fixed Point and Best Proximity Point Linkages 

To address the third objective, mathematical techniques will be used to develop new analytical 

frameworks that connect fixed-point theory with best proximity point theory. Special focus will be 

placed on non-self-mappings, cyclic contractions, and mappings between two subsets. The research will 

attempt to unify these theories by identifying common structural patterns and conditions. 

 

Application through Examples and Problem-Based Analysis 

To fulfill the fourth objective, the developed results will be applied to nonlinear equations, 

optimization problems, and approximation processes. Suitable examples will be constructed to 

demonstrate how the theorems can be used in practical mathematical problems. Analytical 

interpretations will be provided to show the relevance and strength of the proposed results.  

 

EXPECTED OUTCOME  

Clear Identification of Core Conditions 

The study will provide a well-structured understanding of the essential conditions required for the 

existence and uniqueness of fixed points and best proximity points in metric and Banach spaces. 

 

New Generalized Contraction Results 

By analyzing and extending various contraction mappings, the research will yield new or improved 

versions of contraction-type theorems applicable to broader mathematical settings. 

 

Unified Analytical Framework 

A new framework connecting fixed point theory and best proximity point theory—especially for non-

self and cyclic mappings—will be developed, offering a more cohesive theoretical foundation. 

 

Demonstrated Practical Applications 

The study will produce validated examples showing how the developed theorems can be effectively 

applied to nonlinear problems, optimization models, and approximation methods. 
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Enhanced Mathematical Tools for Future Research 

The outcomes will yield new analytical techniques and structural insights that future researchers can 

use to advance fixed-point and proximity-point studies further. 

 

CONCLUSION  

The study of fixed-point and best proximity point theory forms a foundational pillar in modern 

nonlinear analysis, with wide-ranging applications across mathematics, engineering, economics, and 

applied sciences. Fixed-point theory, initiated through classical results such as the Stefan Banach 

Contraction Principle and later expanded by scholars like Brouwer and Schauder, provides powerful 

tools for establishing the existence and uniqueness of solutions to equations and systems. These results 

have become central to the analysis of differential equations, optimization problems, and dynamic 

systems. 

 

Best proximity point theory extends fixed-point concepts to situations where a mapping between two 

non-intersecting subsets does not admit a fixed point. Instead of seeking exact coincidence, it identifies 

optimal approximate solutions that minimize distance between sets. This generalization significantly 

broadens the applicability of fixed-point methods, especially in constrained optimization and 

approximation theory. 

 

Overall, the interplay between fixed-point and best proximity point results deepens our understanding 

of nonlinear mappings in metric and Banach spaces. Continued advancements in this area promise 

further theoretical refinement and enhanced applicability to real-world mathematical modeling 

challenges. 
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