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Abstract

This paper provides an in-depth analysis of entanglement entropy (EE) in quantum field theory (QFT),
with a particular focus on its computation using the replica trick and its applications to both conformal
and non-conformal systems. Beginning with an introduction to the basics of QFT, the study explains
how EE quantifies the quantum correlations between subsystems in a pure state, represented by the von
Neumann entropy of the reduced density matrix. The replica trick is employed to derive the EE,
involving path integrals over n-sheeted Riemann surfaces. The paper demonstrates the method’s utility
in 1+1-dimensional conformal field theory (CFT), where the central charge governs universal
properties of entropy. It further extends the analysis to massive field theories, finite systems, and
topological phases, exploring how deviations from conformal symmetry affect entanglement. The work
also delves into the Anti-de Sitter (AdS)/CFT correspondence, showcasing how holographic techniques
facilitate EE calculations in higher-dimensional systems via the Ryu-Takayanagi formula. In addition,
the study investigates EE in quantum lattice systems, considering the effects of spatial and thermal
fluctuations. Numerical methods are used to compute the scaling of EE with interval length for varying
system masses and temperatures, highlighting the influence of these parameters on entropy behavior.
Fractal lattice structures are explored to uncover unique entropy scaling laws and self-similar
entanglement patterns. This study advances the understanding of EE in diverse quantum systems and
establishes a foundation for exploring its role in quantum criticality and fractal geometries. The paper
also explores multiscale entanglement entropy (MSE), offering a comprehensive framework for future
research in quantum critical phenomena and non-equilibrium systems, shedding light on the complex
relationship between quantum entanglement and thermal effects. This work serves as a foundational
reference for future theoretical and computational studies in quantum entanglement.
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Entanglement entropy is considered one of the
central issues in quantum information theory and
condensed matter physics and is related to the
degree of quantum entanglement between different
subsystems. The entanglement entropy S, of a
subsystem, usually labeled as A, in a pure state
quantum system is determined by the computation
of the von Neumann entropy of its reduced density
matrix, referred to as py:

Sa=—Tr(palogpa) )

Where, pA = TrB(p) is the reduced density matrix
obtained by tracing out the degrees of freedom of
complement B. Represents the reduced density
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matrix, which is derived by tracing out the degrees of freedom associated with the complementary
subsystem B. Exploration of entanglement entropy in quantum field theories (QFT) [1, 2, 3] has
significant implications for our understanding of quantum phase transitions, holography [4], and the
fundamental principles of quantum mechanics [5]. This paper offers a thorough derivation of the
entanglement entropy [6] formula, with a particular emphasis on the 1+1-dimensional conformal field
theory (CFT) [7, 8].

In particular, the scaling of the entanglement entropy with the size of subsystem A is central to
understanding quantum phase transitions and critical phenomena [9]. The behavior of entanglement
entropy, especially near quantum critical points, is closely related to the geometry and topology of the
underlying system.

This study investigated the scaling of entanglement entropy for a quantum lattice system in which
spatial and thermal fluctuations are incorporated [10, 11]. We model the system by constructing a lattice
Hamiltonian for a scalar field ¢(x) on a 1D lattice [12]. The Hamiltonian is given by:

=2 () + g0

Where, m is the mass of the scalar field, and ¢(x) is subject to periodic boundary conditions. The
entanglement entropy is extracted by calculating covariance matrix C, which is related to the inverse of
the propagator matrix in the system. The covariance matrix can be computed as

Cij = (b:i9;)
Where, (¢;¢;) represents the two-point correlation function between lattice points i and j. From the

covariance matrix, the entanglement entropy for a subsystem A can be computed via the eigenvalues A;
of the reduced density matrix p,, and the entropy is given by:

Sp=—2iA;log;

Where, the eigenvalues Ai are the thermal occupations of the system, which depend on the
temperature T through the relation Ai = 1/(e*(Bei) — 1), with § = 1/T. The main focus of this study
is to examine how entanglement entropy scales with subsystem size and system parameters such as
mass m and temperature T. This scaling behavior provides a deep understanding of quantum
correlations, especially near the critical points, where phase transitions occur.

Additionally, we investigated the concept of multiscale entanglement entropy (MSE), which probes
the structure of entanglement across different length scales. MSE is particularly useful in identifying
guantum critical phenomena by examining the way entropy changes with different length scales. The
multiscale entropy Sl for scale entropy S, for a scale € is defined as follows: S,

Sp=—XeAelogl,
Where, 4, are the eigenvalues associated with coarse-grained versions of the quantum field at the scale (.

This study aimed to provide a detailed investigation of the behavior of EE across multiple paradigms.
Using a discretized lattice for a massive scalar field, we numerically computed EE as a function of interval
length, mass, and temperature, revealing scaling laws that align with theoretical predictions. Furthermore,
we examine the scaling behavior of EE near quantum phase transitions, emphasizing their critical
divergence and scaling exponents. A novel aspect of this work is the exploration of fractal lattice
geometries, where EE scaling deviates from the traditional area laws [13] and manifests self-similar patterns
characteristic of fractals. Analytical tools, such as entropy curvature, gradient fields, and topological
invariants, were employed to elucidate the interplay between the system parameters and EE [14].

This comprehensive study not only deepens the understanding of EE in various quantum systems but
also highlights its utility in probing quantum criticality, fractal structures, and holographic dualities. By
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integrating numerical simulations and theoretical analyses, we provide a robust framework for future
investigations of the multifaceted nature of entanglement entropy [15, 16].

QUANTUM FIELD THEORY BASICS

Quantum field theory integrates principles from classical field theory, the framework of special
relativity, and nuances of quantum mechanics. In QFT, particles are excitations of the underlying fields,
and the framework allows for the calculation of scattering amplitudes and correlation functions.

Fields and Particles

In QFT, physical systems are described by fields that exist at every point in space and time. For
example, a scalar field ¢(x) represents a quantum particle whose properties are derived from the
behavior of the field. The dynamics of these fields are determined by the Lagrangian density, which
summarizes the interactions and kinetic terms of the field.

Operators and States

A quantum system is described either by its wave function or by a state vector that resides at the physical
level in a Hilbert space. The observables are operators that act on these state vectors. Their mutual
relations, generally expressed by commutation relations, embody the quantumness of the system.

In the context of QFT, we can represent the operators corresponding to observables, such as the
position operator X, momentum operator p, and field operators. The algebra of these operators defines
the structure of the quantum theory [17].

Lagrangian and Hamiltonian Formulations
The dynamics of quantum fields [18] are derived from the Lagrangian density L, which encapsulates
the field interactions and dynamics:

S = [d%xL(¢p,0¢) (2)

Where, S is the action. We obtain the equations of motion from the Euler-Lagrange equation, which
is derived by altering the action concerning the field [19]:

75~ % (5g) = 0 ®

The Hamiltonian formulation can be derived from the Lagrangian and is used to quantize the theory.
The Hamiltonian density is defined as

H=n¢p—-1L (@)

Where, T = Z—; is the canonical momentum conjugated to the field ¢.

TOPOLOGY: FOUNDATIONS AND RELEVANCE

Topology is a field of mathematics that focuses on the characteristics of a space that remains unchanged
under continuous changes or transformations. Understanding topology is essential for quantum field
theory, as it helps to analyze the geometric and analytic properties of the underlying spaces [20, 21].

Basic Definitions

A topological space is composed of a set X along with a collection of subsets known as open sets,
denoted as T, which meet the following criteria: (1) both the empty set and the set X itself are elements
of T. (2) the intersection of any finite selection of sets from T is also within T. (3) the union of any
collection of sets found in T remains within T.

Continuity and Homeomorphism
A function f: X — Y between two topological spaces is continuous provided that for every open set
inY, its pre-image under f is an open set in X [22].
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Two topological spaces, X and Y, are homeomorphic, provided that there is a continuous
function, f: X — Y and a continuous inverse f — 1: Y — X. If the two spaces were homeomorphic, they
were considered topologically equivalent.

Applications in Quantum Field Theory
In quantum field theory, topology helps classify the types of fields and interactions that can occur
within a system. For instance, the topology of spacetime can affect the behavior of fields and particles,
thereby influencing phenomena such as
e Winding numbers: Important in describing defects in field theories.
e Homotopy groups: These groups characterize the different ways loops can be deformed in space,
playing a significant role in gauge theories.

CONFORMAL FIELD THEORY

Conformal field theories represent a distinct category of quantum field theories that remain
unchanged during conformal transformations. Gaining insight into CFTs is essential for examining
systems at critical points, where phase transitions occur.

Basic Properties of CFT
1. Conformal transformations: These transformations preserve angles but not distances. These
include translations, rotations, dilations, and conformal transformations.
2. Scale invariance: CFT is invariant under the rescaling of distances. This implies that if we scale
the coordinates x — Ax, the correlation functions remain unchanged.
3. Operator product expansion (OPE): OPE is a fundamental tool in CFT that allows one to express
the product of two local operators as a sum of local operators. This is written as:

1
(00~

lx—y|24
Where, Ci’j- are the structure constants and Ak is the scaling dimension of the operator Ok.

4. Central charge: The central charge c is a crucial parameter in the CFT that characterizes the
number of degrees of freedom at the critical point. This appears in the scaling of entanglement
entropy and other physical quantities.

5. Primary fields and their representations: In CFT, primary fields are those that transform under
conformal transformations in a simple manner, characterized by their scaling dimensions and
conformal weights.

Correlation Functions and Conformal Blocks
The correlation functions in the CFT were computed using conformal symmetry. For two-point
functions, the form is given by

(0O~

Where, A is the scaling dimension of operator O. More generally, n-point correlation functions can
be computed using conformal blocks, which encapsulate the contributions of all intermediate states.

1
lx—y|22

REPLICA TRICK AND ENTANGLEMENT ENTROPY

To compute the entanglement entropy SA, it is often challenging to evaluate the trace of pA log pA
directly. Instead, we use the replica trick, which involves calculating the trace of the powers of the
reduced density matrix [23].

Replica Trick

The replica trick provides a method for calculating the von Neumann entropy by introducing n
replicas of the system:

S, =—lim iTr(pﬁ) (5)

n-1 on
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The term Tr(pﬁ) corresponds to a path integral over n copies of the system, where the replicas are
glued together along a branch cut to form an n-sheeted Riemann surface R,,.

Reduced Density Matrix p,4
Consider a quantum system in a pure state |¥). The total density matrix is given by

p=PNY| (6)

To obtain the reduced density matrix p,, we trace the degrees of freedom of the complementary
subsystem B:

pa = Trp(p) (7)

The trace of the powers of p, can be related to the partition function on an n-sheeted Riemann surface:
Z

Tr(pﬁ) = Z_:l" 8

Where, Z,, is the partition function on the n-sheeted surface R,, and Z is the partition function on the
original single-sheeted surface.

Using Eq. (8), we can rewrite the von Neumann entropy as [24].

o D (2,
Sp =~ lim 2 (32) ©
PATH INTEGRAL APPROACH AND THE N-SHEETED RIEMANN SURFACE

To find Z,,, we utilized the path integral method from quantum field theory. The partition function
Z, is calculated as a path integral over an n-sheeted Riemann surface R,,, which has branch points
located at both ends of the interval A.

Path Integral Formulation
The path integral formulation of the quantum field theory expresses the partition function as a sum
over all possible field configurations. In Euclidean space, the partition function can be written as

Z = [ Dpe~Sel®] (10)
Where, Sg[¢] is the Euclidean action and D¢ denotes the measure over the field configurations.

For a theory described by a scalar field ¢p(x) in d dimensions, the Euclidean action takes the form:

Ssl] = [ d%x (3 (V)% + V(@) (1
Where, V(¢) is the potential energy density.

Construction of the n-Sheeted Riemann Surface (Figure 1)

To compute the entanglement entropy, we focus on subsystem A, which is represented as a finite
interval in an infinite system. The n-sheeted Riemann surface Rn was constructed by taking n copies of
the Euclidean plane and gluing them together along the boundaries of the interval [25].

When calculating Tr(p"), we use the following steps:

1. Define the branch points: Let the endpoints of interval A be u and v. The n-sheeted surface had
branch cuts between these points.

2. Mapping to a single complex plane: The Riemann surface R,, can be transformed into a single
complex plane using conformal mapping as follows:

7= (W—u)l/n

w—v
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Im(w)

° o Re(w)

Figure 1. lllustration of the n-sheeted Riemann surface
formed by gluing n copies of the complex plane along
the branch cuts at points u and v.

3. Parameterizing the Riemann surface: The coordinate z parameterizes the n copies of the surface.
The branch points at u and v allow us to compute the partition function by integrating all the
field configurations on the n-sheeted surface.

4. Path integral on the Riemann surface: The partition function Z,, on the n-sheet Riemann surface
is given by
Z, = fRnD(Pe Sgle]

Where, the path integral is taken over the n-sheeted Riemann surface.

Transformation of the Stress-Energy Tensor
Under a conformal transformation, the stress-energy tensor T (w) transforms according to:

d 2
Tw) = (52) T(2) +5{zw} (12)
Where, {z, w} is the Schwarzian derivative, defined as:
_ 2" (w) 3 2" (w) 2
{Z' W} T oz'(w) 2 (z’(w)) (13)

The transformation of the stress-energy tensor is crucial because it allows us to compute the
correlation functions on the n-sheeted surface.

Partition Function Zn

The partition function Z,, on the n-sheeted surface can be computed from the correlation function of
the twist operators T,, inserted at branch points u and v. These twist operators account for the boundary
conditions imposed by the gluing of the n sheets.

The correlation function of twist operators in a CFT is given by:

Ap

(T QT ) o () (14)

Where, A,, is the scaling dimension of twist operator T,,. In a 1+1-dimensional CFT, A,, is related to
the central charge c by

1
p=2(1-3) (15)
The partition function Z,, is proportional to the two-point function of the twist operators:
17208
7, (z) (16)

Where, £ = |u — v| is the length of the interval A.
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DERIVING THE ENTANGLEMENT ENTROPY EXPRESSION

We are now in a position to compute entanglement entropy using the results derived thus far. We
substituted the expression for Zn in Equation (16) into the replica trick formula in Equation (9) and
proceeded with the calculation step-by-step [26].

Step-by-Step Derivation of Entropy
First, we recall the replica trick formula for the entanglement entropy:

Sp = - lim—(2)

n-10n \z"
From Eq. (16), we know that:
1\ 207
Zn % (3)
Where, A, = % (1 - %) is the scaling dimension of the twist operator. The partition function for a
single sheet Z is independent of n, we can take Z = 1 (effectively normalizing the partition function).

Thus, the partition function on the n-sheeted surface becomes:

Zn _ (1)&(”_5)

zn \¢
Taking the logarithm of this expression:
Zn 1 1
log (32) =¢ (n — ) log3 17)

Now, we differentiate with respect to n:

9 ny (L 1
5108 (%) = £ (n — ) loss
Finally, we take the limit as n — 1 to obtain the entanglement entropy:

. g Zn) _ ¢ f
50 =~ lim Z10g (2) = Sl

Thus, we derived the well-known result for the entanglement entropy of a single interval of length £
in a 1+1-dimensional conformal field theory:

5,=Ston(2)

Where, c is the central charge of the CFT, £ is the length of the interval, and a is the UV cutoff (such
as the lattice spacing).

Finite Systems and Finite Temperature

The above result holds for an infinite system at zero temperature. We can extend this result to finite
systems and systems at finite temperatures using conformal transformations that map finite geometry
onto a complex plane.

Entropy in a Finite System

For a finite system of total length L with periodic boundary conditions, the entanglement entropy is
modified because of the finite size of the system. The conformal transformation that maps the finite
system onto a complex plane is:

L . w

z = —sin (T) (18)

Where, w = x + it. Using this mapping, the entanglement entropy for an interval of length € in a
system of total length L is
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S, = %log (% sin (7%{)) (19)

Entropy at Finite Temperature
At a finite temperature, the system was mapped onto a cylinder with a circumference = %; where,
T is the temperature. The conformal transformation that maps the finite temperature system onto a
complex plane is:
— B ginh (™
z= 7Tsmh( 5 ) (20)

Using this transformation, the entanglement entropy for an interval of length £ in a system at
temperature T is

Sa = Slog (L sinh (%‘”)) (1)

OVERVIEW OF ADS/CFT CORRESPONDENCE

The hypothesis behind the anti-de Sitter/conformal field theory correspondence (sometimes referred
to as AdS/CFT) is a connection between two different categories of physical theories. Anti-de Sitter
spaces (AdS) are utilized in quantum gravity theories expressed in terms of M-theory or string theory.
The quantum field theories known as conformal field theories [27], which include theories akin to the
Yang-Mills theories that describe elementary particles, are on the other side of the relationship.

Anti-de Sitter Space
The anti-de Sitter space is a maximally symmetric spacetime with a constant negative curvature. This
is a solution to Einstein’s equation with a negative cosmological constant A < 0. The metric for d-
dimensional AdS space is given by:
2
ds? = = (dz? — dt? + dx?) (22)

V4

Where, L is the AdS radius, z is the radial coordinate, and (t,x) are the temporal and spatial
coordinates, respectively.

Properties of AdS Space

1. Symmetry: The AdS space has a high degree of symmetry, as described by the SO(2,d) conformal
group, which includes translations, rotations, and dilations. This symmetry is crucial in the
context of AdS/CFT correspondence.

2. Curvature: The curvature of the AdS space is constant and negative. This can be described by
the Ricci scalar:

-1
R= _d(r; )
indicating that all points in AdS space exhibit the same curvature characteristics.

3. Geodesics: Geodesics in the AdS space are curves that minimize the distance between two points.
These are critical for understanding the dynamics of particles and fields. In AdS, geodesics can
be computed using a metric that yields information about the behavior of quantum fields.

4. Boundary at infinity: The boundary of the AdS space was located at z = 0. When z — 0, the
geometry approaches a flat Minkowski space. The behavior of the fields at the boundary provides
insight into the physical observations of the dual CFT [28].

5. Volume and area: The volume of a region in AdS space can be computed using

L4

V= fozfdxzdﬂdz

and the area of the minimal surface is essential for computing the entanglement entropy in the
holographic context.
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Conformal Field Theory
Conformal field theories are quantum field theories that are invariant to conformal transformation.
These transformations include translations, rotations, dilations, and conformal transformations.

Properties of CFT

1. Scale invariance: CFTs exhibit scale invariance, meaning that the physical observables remain
unchanged under a rescaling of coordinates.

2. Central charge: The central charge ¢ characterizes the number of degrees of freedom in the
theory and plays a significant role in scaling the entanglement entropy. For example, the
entanglement entropy of a subsystem in a CFT is proportional to c:

3. Operator content: Conformal field theories (CFTs) feature a complex array of operators divided
into primary fields and their descendants. The primary fields are characterized by their
straightforward transformation properties in the conformal group. The mathematical framework
for describing operator content was provided by the representation theory of Virasoro algebra.

AdS/CFT Correspondence
The AdS/CFT correspondence is a significant duality that connects gravitational theory in a
(d + 1)-dimensional Anti-de Sitter space [29].

Key Features of AAS/CFT

1. Duality: The correspondence states that for every theory of gravity in an AdS space, a
corresponding CFT living on its boundary exists. The degrees of freedom in the CFT encode
gravitational dynamics.

2. Correlation functions: Correlation functions in the boundary CFT can be computed using
gravitational quantities in bulk AdS space. This includes computing entanglement entropy, which
corresponds to the area of a minimal surface in the bulk.

3. Physical applications: The AdS/CFT correspondence has profound implications for
understanding quantum gravity, black hole thermodynamics [30], and condensed matter systems
at critical points [31, 32]. It provides insights into the nonperturbative aspects of quantum field
theories and the emergence of spacetime from quantum entanglement.

4. Quantum gravity: This correspondence suggests a method to describe quantum gravity
using well-defined quantum field theories, bridging the gap between gravity and quantum
mechanics [33].

HOLOGRAPHIC ENTANGLEMENT ENTROPY

Holographic entanglement entropy (HEE) [34] emerges from the AdS/CFT correspondence [35],
offering a method for computing the entanglement entropy of a specific region in the CFT by examining
the geometry of the associated AdS space [36]. In recent years, the exploration of symmetry-resolved
measures in quantum field theory has gained traction [37], particularly concerning quantum phase
transitions [38]. Furthermore, the entanglement Hamiltonians in the Schwinger model have opened new
avenues for understanding entanglement structures [39, 40].

Ryu-Takayanagi Formula

The Ryu-Takayanagi formula states that the entanglement entropy S, of region A in the boundary
CFT is given by the area of a minimal surface y, in the bulk AdS space that is anchored to the boundary
of region A:

Area (v4)
5 = rea ) (23)

Where, Gy is Newton’s gravitational constant in the bulk.

This formula encapsulates the idea that the entanglement structure of a quantum state is geometrically
encoded using gravitational theory.
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Bulk Geometry

To derive the HEE, we consider a (d + 1)-dimensional bulk spacetime described by AdS, with the
metric given by

ds? =5 (dz? — dt? + dx?) (24)

V4

Where, L is the AdS radius, z is the radial coordinate, and (t,x) are the temporal and spatial
coordinates, respectively. The boundary of this AdS space is located at z = 0, where the CFT is located.

Minimal Surface Calculation
1. Parameterization of the surface: The minimal surface y, can be parameterized using the
coordinates of the bulk. For simplicity, consider a surface anchored at points on the boundary
corresponding to interval A. If the endpoints of A are at x; and x,, then the coordinates on the
minimal surface can be expressed as (t, x) = (t,, x) for a constant-time slice.
2. Induced metric: The induced metric on the surface y, is calculated by considering the spatial
coordinates. The line element of the induced metric is given by

2 L2 2 2
dsing = 7 (dx*) + dz
The area of the surface A can be expressed as:

A= fyA dAy/det(gap)

Where, g, is the induced metric.
3. Expression for area: The area functional becomes:

— (%24, L
A—fxl dz -

Where, the integral is taken over the radial coordinate from the boundary (z = 0) to the bulk
point where the surface reaches its minimum.

4. Finding the minimal area: The area functional can be minimized by considering the equations of
motion derived from the variation in the area. This yields a differential equation for z(x), which
is the radial position of the minimal surface, as a function of the boundary coordinates.

L 14
Area (y,) = [, % dz = @i (25)

Where, € is a UV cutoff.
5. Substituting into Ryu-Takayanagi formula: Substituting this expression for the area into the Ryu-

Takayanagi formula gives

Ld

S = romta—pea= (26)

Quantum Gravity and Holography
Before delving into HEE, it is crucial to discuss the context of quantum gravity. Quantum gravity

seeks to unify general relativity, which explains gravitational forces through the curvature of spacetime,
with quantum mechanics, a framework that describes the behavior of particles at microscopic scales [41].
This section mathematically explores the foundation of quantum gravity.

1. Quantization of gravity: The process of quantizing gravity involves promoting classical
gravitational fields to the quantum operators. The classical gravitational field is described by the
metric tensor g, which encodes the curvature of space—time. The Einstein-Hilbert action, which
leads to Einstein’s equations, is given by

1
Sgn = mf d*x\/—g(R = 24) (27)
Where, R is the Ricci scalar curvature, Gy is the Newton’s gravitational constant, and A is the
cosmological constant.
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To quantify this action, we considered a perturbative expansion around a flat space—time
background. This leads us to define the metric as

guv = nuv + huv (28)

Where, 17,,,, is the flat Minkowski metric, and h,,,, represents small perturbations around this background.
2. Linearized gravity and Feynman rules: By substituting the perturbed metric into the Einstein-

Hilbert action and performing a Taylor expansion to the second-order in h,,, we obtain an

effective action for gravitational perturbations:

1
Sers = Tarae ] A*xy/=1 (941¥P 9,k — 3RO,k + (h.0.)) (29)
Where, h = hﬁ is the trace of the perturbation.

To derive the Feynman rules for graviton interactions, we need to compute the propagator for the
field h,,. In momentum space, the propagator takes the following form:

(2m)*

(huv(k)hpa(_k))z K2 P;wpcr(k) (30)

Where, B, (k) is the polarization tensor, which ensures that gravity is massless and gauge-invariant.

3. Non-renormalizability of quantum gravity: A major challenge in quantifying gravity is the non-

renormalizability of the resulting theory. A dimensional analysis of gravitational coupling
suggests that higher-order corrections are problematic. The coupling constant Gy has dimensions
of [length]? in natural units, leading to divergence in the higher-loop diagrams [42].
The simplest example of this issue arises in the one-loop effective action calculation, where
contributions from the loop diagrams lead to terms that cannot be absorbed into a redefinition of
the coupling constants. This indicates that the theory cannot be consistently renormalized at all
energy scales. To illustrate this, consider the two-point correlation function derived from the
effective action. The leading divergence at one loop can be expressed as

4 .
GG~ [ (‘zinl)(‘* k_12 el (=)< og (
Where, the divergent logarithmic terms signal the breakdown of the perturbative approach.

4. Effective field theories: To manage these issues, physicists often employ effective field theories
(EFTs) that describe gravitational interactions at low energies while omitting high-energy
physics where, quantum gravity becomes relevant. An effective field theory of gravity can be
constructed by truncating the series expansion of h,,, to a finite number of terms, thereby yielding
a theory that is valid only within a certain energy range.

An example of an EFT approach is the inclusion of higher derivative terms:

1
SEFT =SEH+M_IZJJ‘d4x1/_gR2+"' (31)

Where, Mp denotes the Planck mass. While this action can introduce new degrees of freedom
and modify the low-energy behavior of gravitational interaction, it remains an approximation.

5. String theory and gravity: One of the most promising approaches to quantum gravity is string
theory, which posits that fundamental particles are not point-like, but rather one-dimensional
strings. This theory naturally incorporates gravity and provides a framework in which quantum
field theories can emerge from higher-dimensional theories [43].

In string theory, gravitational interactions are mediated by a massless spin-2 particle known as a
graviton, which emerges from the vibrational modes of the strings. The string tension, T, is
inversely proportional to the square of the string length scale ¢s:
1
T

1
[x—y|?

) + (Divergent terms)
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Effective action in string theory includes gravitational dynamics along with other fields, leading
to a rich structure that can accommodate gauge symmetries and matter fields. The low-energy
limit of the string theory can be described by a 10-dimensional supergravity theory.

Physical Implications of HEE

The derived holographic entanglement entropy has several important physical implications:

1. Area law: The entanglement entropy obeys an area law, which states that the entanglement
entropy of a region is proportional to the area of its boundary. This is a distinctive feature of
many physical systems, particularly critical phenomena [44].

2. Information encoding: The area law implies that the information contained within a region can
be described by its boundary, suggesting a fundamental limit on how quantum information is
organized in a gravitational system. This realization supports the holographic principle, as it
emphasizes that the dimensionality of bulk theory can be reduced to its boundary.

3. Quantum gravity insights: The ability to compute entanglement entropy in quantum field theory
via gravitational theory provides insight into the nature of spacetime and quantum gravity,
suggesting that entanglement may play a fundamental role in the structure of spacetime.

4. Thermal phase transitions: HEE has been instrumental in understanding thermal phase transitions
in quantum systems. For example, as the temperature increases, the entanglement entropy can be
shown to scale with the volume of the system rather than the area, indicating a transition from a
phase dominated by strong correlations to one characterized by weaker correlations [45, 46].

5. Entanglement and black holes: HEE plays a critical role in the study of black holes, particularly
the information paradox. This formula suggests that the entanglement entropy of a black hole is
proportional to its surface area, supporting the notion that information about the black hole’s
interior can be encoded on its event horizon [47].

6. Universal features: The HEE derived using this method can be applied to explore various
phenomena in gauge/gravity duality, including critical phenomena in statistical mechanics and
quantum field theory. The universal nature of the central charge and its relationship with
entanglement entropy have led to deep insights into the nature of quantum correlations in various
contexts [48].

7. Connections to quantum information theory: HEE provides a bridge between quantum field theory
and quantum information theory, highlighting the interplay between entanglement and geometric
structures in both fields. This connection has led to a better understanding of concepts such as
guantum error correction, in which entanglement plays a key role in the resilience of quantum
information.

In summary, holographic entanglement entropy derived from the Ryu-Takayanagi formula provides
profound insights into the connection between quantum field theory and gravitational theories,
reinforcing the significance of entanglement in understanding the fundamental nature of spacetime and
information in quantum systems [49, 50].

NUMERICAL SIMULATIONS OF ENTANGLEMENT ENTROPY
We computed the EE for a massive scalar field discretized on a 1+1-dimensional lattice. The
Hamiltonian is constructed as follows.
1 i+1=9)?
H=:2% (nlz +m?p? + M) (32)

dx?

Where, m is the field mass; dx is the lattice spacing; and ¢i and i represent the field and conjugate
momentum, respectively.

The covariance matrix is derived from the thermal state and diagonalized to compute the von
Neumann entropy for subsystems. The numerical results illustrate the scaling laws with the interval size
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and temperature. The Ryu-Takayanagi formula for holographic EE was extended to include higher-
curvature corrections:

Sy = ﬁ [ Ja(1+aR + BRZ,)dA (33)

Where, R is the Ricci scalar, and Rab is the Ricci tensor. Numerical simulations validated the impact
of these corrections on the minimal surface area.

Thermal Phase Transitions
In AdS-Schwarzschild spacetime, we compute the EE for finite temperature states. The metric is:

d
ds? = —f(r)dt? + f(r) " tdr? + r2dQ%_,, f(r) =1 — % (34)
Minimal surface equations are solved by studying EE scaling near the black hole horizon.

Coupling and Mass Dependence
Figure 2 shows EE as a function of coupling, mass, and temperature. The non-linear behavior
highlights how the coupling strength influences the EE in massive scalar field theories.

Critical Point Analysis
The EE diverges at quantum phase transitions, as shown in Figure 3. These results align with the
critical phenomena in Ising-like systems.

Phase Diagram for EE
We present EE phase diagrams (Figure 4) across the coupling and mass at fixed temperatures. Contour
plots reveal distinct entropy regions, correlating with transitions from critical to non-critical behavior.

MATHEMATICAL FRAMEWORK
The entanglement entropy, S, for a quantum system, can be modeled as:
S=-Tr(plnp) (35)

Where, p is the reduced density matrix. This study investigates the parameter dependencies:
e Coupling strength (g)

e Mass (m)

o Temperature (T)

Building on this, we introduce perturbative expansion to account for higher-order interactions.
S(g,m,T) = SO0+ ag? + fm? + yT? + --- (36)

Where, a, 8,y are coefficients determined through numerical simulations. To analyze higher-order
perturbative effects [44], we simulated the following relation:

Spert =S50+ Z;.{):l Cngn (37)
Where, c,, are fitted coefficients. Numerical results are presented in Table 1.

The entanglement entropy of a subsystem is computed as a function of the interval length in a quantum
lattice system. The system Hamiltonian is constructed using different masses and temperatures, and the
covariance matrix is evaluated using the thermal occupation function. The plot in Figure 5 shows how the
entanglement entropy scales with the interval length for different values of mass (m) and temperature (T).

Table 1. Perturbative coefficients for entanglement entropy expansion.

Order (n) Coefficient (cn) Error
1 0.567 0.002
2 -0.321 0.004
3 0.120 0.001
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Figure 2. Entanglement Entropy as a function of coupling, mass, and temperature.
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Figure 3. Entropy divergence at critical mass m = 1.0.
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EE phase diagram at T=1.16
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Figure 4. Phase diagram: coupling vs. mass at T = 1.0.

The entanglement entropy is calculated for various interval lengths, and the plot demonstrates the
dependence of the entropy on the size of the subsystem. As expected, the entropy increased with the
interval length, and the mass and temperature parameters influenced the rate of this increase. These
results provide insights into the scaling behavior of the entanglement entropy in lattice systems.

RESULTS AND DISCUSSION
Figure 4 illustrates the dependence of EE on mass and coupling strength, highlighting critical
transition regions.

Analysis of Results
e The non-linear dependence of EE on temperature.
¢ Identification of critical points and their scaling behavior.
e Exploration of higher-order perturbative corrections.

Discussion of Results
e Entanglement entropy scales nonlinearly with temperature and mass, demonstrating critical
behavior near quantum phase transitions.
e The phase diagram highlights regions of distinct entropy scaling, correlating with transitions
from critical to non-critical regimes.
e Critical entropy scaling exhibits divergence, consistent with theoretical predictions.

Entropy scaling with interval length
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Figure 5. Entropy scaling with interval length in a lattice system.
The plot illustrates how entanglement entropy evolves as the
interval length increases, with different curves corresponding
to different masses (m) and temperatures (T).
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DATASET OVERVIEW
The dataset consisted of 90 rows of values for C, m, T, and S. Table 2 displays a sample of these data.

OBSERVATIONS
Coupling Strength C and Entanglement Entropy S
e As Cincreases, S decreases. This negative correlation suggests that a higher coupling strength
reduces entanglement entropy.
e This relationship is non-linear, and the rate of change in S decreases as C increases.

Temperature T Effects
e Increasing T leads to higher S, indicating that temperature positively influences entanglement
entropy.
e Atafixed C, the rise in S with T appears approximately linear.

Mass m Dependency
e Mass m scales proportionally with C, but its direct effect on S is intertwined with the effect of T.
e A detailed decomposition would require the isolation of m, while holding the other variables
constant. Where, dr denotes the path element along C.

ANALYTICAL OVERVIEW
Entropy Curvature

The curvature of the entropy function, kg, represents the second-order derivative of entropy S with
respect to the coupling constant g and mass m. Starting with

S=—[pXInpX) dx
Where, p(x) is the reduced density matrix eigenvalue distribution, we compute:

_ 50 (%)
Keg = g2 ag \dg
Given the parameterization p(x)~e‘92f (M) the entropy curvature evaluates to:
20 -
Kgg = —E‘F 0(g™)

illustrating the rapid decrease in curvature for large g values.

A heatmap of kg across the parameter grid (m, g) is shown in Figure 6. The Python script for
generating the curvature heatmap is presented below.

Gradient Fields
The gradient field of entropy, VS, captures the sensitivity of S to changes in T, m, and g. From the
entropy expression (Table 2)

S(T,m,g) =— [ plnpdx

Table 2. Gradient fields.

Coupling | Mass | Temperature | Entanglement
strength C m T entropy
0.60 0.50 0.10 -409.97
1.07 1.00 0.31 -404.05
1.69 1.67 0.52 -397.51
2.00 2.00 0.94 -386.54
0.91 0.83 1.58 -382.94
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Entropy curvature heatmap

5
I _ll

Entropy curvature (kx_EE)

-53

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
Coupling strength (g)

Figure 6. Heatmap of entropy curvature across mass
and coupling strength.

We compute:
as ds as
VS = (553w 35)

Which evaluates to:

vs=@T—ammwm§)

The corresponding vector fields are shown in Figure 7. This gradient provides critical insights into
the entropy flow in the parameter space.

Topological Invariants
The topological invariant W, is defined as the winding number of VS over a closed contour C in
parameter space. Mathematically:

W = ¢ VS-dr

Where, dr represents the path element along C. For a circular contour parameterized by (m, g) =
(rcos@,rsinf):

20
rsinf

szozn[5r0059+ ]rdG

Numerical integration yields W, confirming the quantization of entropy flow.

Higher-order Models
Entropy variance quantifies the fluctuations of S:
a0l =(S?) —(S)*.
Assuming a Gaussian distribution for S:

1 _=p?
— 2
P(S) = 2mo? €

the variance is linked to higher-order entropy moments:

o2 = [* s2P(s)dS — ([ SP(S) dS)".
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Resultant VValues
o Entropy curvature expression (x EE): -0.2 - 20/g**2
e Gradient field of S (IS): (5*T-0.2*m, 20/g, 5*m)
e Topological invariant (W): 32.40445608651872
o Entropy variance (062 S): 65.95302864551195

This analysis paves the way for exploring entropy fluctuations in strongly coupled systems.

FRACTAL ENTANGLEMENT ENTROPY
Fractal Entanglement Entropy Scaling
The entanglement entropy for a fractal lattice is governed by a scaling law:

S~L4r1

Where, L is the lattice size, and dy is the fractal dimension. This scaling law implies that the entropy

grows with the lattice size but is modified by the fractal structure, in contrast to the standard area law
observed in smooth geometries.

A 3D visualization of entanglement entropy scaling with both lattice size and fractal dimension helps
capture the interaction between these two parameters. In Figure 8, we plot the entanglement entropy as
a function of the lattice size L for a system with fractal dimension d; = 2.5. The plot demonstrates how
the entropy scales nonlinearly with L, which is characteristic of fractal systems. In Figure 9, we present
a surface plot that captures the relationship between lattice size, fractal dimension, and entanglement
entropy. The plot illustrates how the entropy scales differently for different values of d, showing the
interplay between the lattice size and fractal dimension.

Entanglement Contour on a Fractal Lattice

The entanglement contour (EC) on a fractal lattice reveals intricate self-similar patterns reminiscent
of fractal structures. For a given scale factor s, the EC can be modeled as

EC(x,y) = sin (s(x? + yz))e‘o'l(x2+y2)

This function simulates a fractal-like pattern, where, the entanglement decreases with increasing
distance from the center.

Figure 10 shows the entanglement contour for a lattice with x, y € [—5, 5], where, the fractal patterns
are visible, emphasizing the self-similar nature of entanglement across different scales.
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Fractal entanglement entropy scaling in quantum field theory
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Figure 8. Fractal entanglement entropy scaling with lattice size.
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Figure 9. 3D surface plot of entanglement entropy scaling.

Entanglement contour on a fractal lattice
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Figure 10. Entanglement contour on a fractal lattice.
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Entanglement Entropy Distribution

The histogram of the entanglement entropy distribution provides insight into how entropy spreads
across various partitions of the fractal lattice. This can be derived from the fractal entropy scaling
formula. Figure 11 shows a histogram of entanglement entropy, which follows the fractal scaling law
and provides a quantitative measure of the spread of EE values across the lattice.

Entanglement Entropy Near Quantum Criticality
Near a quantum critical point, the entanglement entropy behaves differently compared with the away-
from-critical regime. The scaling of the EE near criticality is given by:

S~|L - Lcla
Where, L. is the critical lattice size, and « is the scaling exponent. This behavior is indicative of a
critical phenomenon that governs quantum phase transition.

Figure 12 shows how the entanglement entropy behaves near the quantum critical point. The plot
shows clear scaling behavior, which is typical for systems approaching a phase transition.

Histogram of entanglement entropy distribution on a fractal lattice
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Figure 11. Histogram of entanglement entropy distribution.
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Figure 12. Entanglement entropy near quantum critical point.
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ANALYSIS OF RESULTS

The results from the plots offer several key insights:

e The fractal entanglement entropy scaling law, S~L% =1, highlights the dependence of EE on the
fractal structure of the system.

e The entanglement contour plot revealed self-similar patterns in the EE, which is a signature of
fractal geometries.

o The 3D surface plot shows that the entanglement entropy increases with both lattice size and
fractal dimensions, emphasizing the complexity of these systems.

e The histogram provides an understanding of the spread of EE across the lattice, further supporting
the fractal scaling hypothesis.

o Near the quantum critical point, EE scales with a unique exponent offer insight into the nature of
guantum phase transitions in fractal systems.

MULTISCALE AND NON-LINEAR ENTANGLEMENT ENTROPY ANALYSIS
This section presents an integrated study of multiscale entanglement entropy (MSE), its non-linear
evolution, dimensionality reduction, and network-based entanglement structures in the quantum field.

Multiscale Entanglement Entropy

The MSE for a 1D quantum field was computed to capture spatial fluctuations and their entanglement
at various scales [51]. The plot in Figure 13 demonstrates the variation in entropy across scales,
revealing an entanglement structure near quantum criticality.

Non-linear Evolution of Entanglement Entropy
The evolution of entanglement entropy [52] over time [53] was modeled using an ordinary differential
equation (ODE) of the form:

BB = S + as(?,

Where, S(t) represents entropy, y is the decay rate, and « is the non-linear coupling coefficient. The
simulated entropy evolution is shown in Figure 14, highlighting the complex time-dependent patterns
influenced by the system parameters.

Multiscale entanglement entropy near quantum critically
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Figure 13. Multiscale entanglement entropy in a quantum field. The plot
shows how entropy changes at various scales, providing insight into
the entanglement structure of the field near quantum criticality.
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Nonlinear entanglement evolution in quantum field
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Figure 14. Non-linear evolution of entanglement entropy over time. The
entropy is modeled with a non-linear coupling term, showing a complex
evolution pattern dependent on the system’s parameters.
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Figure 15. Laplacian Eigenmaps of entanglement entropy in a quantum
field. The 2D representation of the quantum field’s entanglement structure
is shown, with colors representing entropy measures across different sites.

Dimensionality Reduction of Quantum Field Entanglement

A quantum field in a higher-dimensional space was projected into a 2D representation using
Laplacian Eigenmaps. This technique visualizes the entanglement structure, as depicted in Figure 15,
where, the colors represent the entropy measures across different sites.

Quantum Network Entanglement Entropy

A random quantum network was constructed, and the entanglement entropy of each node was
computed based on its degree. Figure 16 illustrates the network structure, with node colors indicating
entropy and degree distributions. The entropy measure captures the relationship between the network
topology and entanglement properties.

© STM Journals 2024. All Rights Reserved 54



Research & Reviews: Journal of Physics
Volume 13, Issue 3
ISSN: 2278-2265 (Online), ISSN: 2347-9973 (Print)

Quantum Network Entanglement Entropy: 3.36

Figure 16. Entanglement entropy in a quantum network. The network’s structure
is highlighted, with node colors indicating the degree and entropy of the quantum
network. The entropy measure is calculated based on the degree distribution.

These analyses collectively reveal the scaling behavior of the entanglement entropy across different
systems and dimensions, uncovering the connections between quantum entanglement, fractal
geometries, and non-linear dynamics.

CONCLUSION

This study provides a comprehensive derivation of entanglement entropy in QFT, starting from the
foundational concepts of QFT and topology, progressing through CFT, and culminating in the
derivation of entanglement entropy using the replica trick. This work offers a systematic approach to
understand how entanglement entropy, a key quantity in quantum information theory, can be computed
using various quantum field theories.

One of the major contributions of this study is the detailed treatment of holographic entanglement
entropy. By employing the Ryu-Takayanagi formula, this study demonstrated the connection between
guantum field theories and gravitational theories, providing a bridge between two seemingly distinct
realms of physics. This relationship enhances our understanding of quantum correlations in systems at
critical and non-critical points and is particularly useful in the context of quantum gravity and AdS/CFT
correspondence. The critical behavior of the EE near quantum phase transitions was characterized by
divergence and scaling exponents aligned with theoretical predictions. Fractal lattice structures exhibit
unique entropy scaling laws, which underscore the interplay between fractal dimensions and quantum
correlations. Analytical tools, including entropy curvature, gradient fields, and topological invariants,
provide additional insights into the parameter space governing EE. Furthermore, the study explored
multiscale entanglement entropy (MSE) as a powerful tool for probing quantum criticality. The scaling
behavior of the entanglement entropy across different length scales reveals key insights into quantum
phase transitions and the universality class of critical systems. This novel approach of using MSE to
characterize quantum systems opens new avenues for studying complex quantum systems with spatially
varying correlations, especially in the context of critical phenomena.

The findings presented here are not only significant for understanding quantum correlations in both
critical and non-critical systems but also have important implications for areas such as quantum
information processing, quantum simulations, and condensed matter physics. This study demonstrates
that entanglement entropy, whether in field theory or holography, is a central tool for uncovering the
hidden structure of quantum systems.
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Future Works

Despite this progress, several avenues for further research remain. One important direction for future
work is to extend the methods developed in this study to higher-dimensional quantum field theories,
particularly in the context of strongly interacting systems, where, traditional methods may not apply.
Additionally, while holographic entanglement entropy has proven to be a powerful tool, its
generalization to more complex spacetimes, including those with curved geometries or in the presence
of nontrivial topologies, is an exciting challenge that could deepen our understanding of quantum
gravity and quantum information theory.

Another promising direction involves exploring the role of entanglement entropy in quantum systems
that are out of equilibrium. The study of dynamical entanglement entropy and its relationship with
guantum thermalization and the approach to equilibrium could lead to new insights into the time
evolution of quantum systems and their critical behavior. Moreover, the integration of machine learning
techniques with entanglement entropy measures could provide a more efficient way to study complex
guantum systems, particularly those with large numbers of degrees of freedom or high-dimensional
spaces. Finally, it is valuable to investigate the connection between entanglement entropy and other
measures of quantum correlation, such as mutual information and quantum discord, in various systems.
Understanding these different measures could lead to a more unified framework for describing quantum
correlations across the different regimes of quantum field theory and statistical mechanics.
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