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Abstract

In the present research, advanced results on the fixed point theorem are applied to typical boundary
value problems. Finding a differential equation's solution under certain boundary conditions is the goal
of typical boundary value topics. The article appears to extend new fixed point results to a new context,
likely involving fractional operators with unique kernels, notably the Caputo-type fractional operator.
This extension involves applying the fixed point theorem to a broader set of problems. Caputo fractional
derivatives are a generalization of ordinary derivatives to non-integer orders, commonly used in
fractional calculus. This extends the scope to fractional boundary value problems, where the differential
equation involves fractional derivatives, and the conditions are given in terms of fractional order.
Integral type boundary conditions suggest that the conditions involve integrals, which could be part of
the fractional differential equation or the boundary conditions. We have used inequalities on a triplet
(U, d, T) and quatern (U, d, T, 8). We have developed a novel class of mappings and investigated a
fixed point criterion for them, using Geraghty contraction as inspiration. In addition, we demonstrated
two applications: one with singular kernels for fractional derivatives in a system of nonlinear
differential equations and the other with a two-point boundary value problem of a second order
ordinary differential equations.

Keywords: Fractional differential equations, Ordinary differential Equations, Generalized a-p-®@ -
contractions, Weakly contractive mapping, Geraghty function, 6-orbital permissible

INTRODUCTION

Fixed point theorem is a fundamental mathematical concept with applications in various fields,
including functional analysis, optimization, and the study of iterative algorithms. It has been extensively
employed in demonstrating the existence and uniqueness of solutions for various mathematical models,
including integral equations and differential equations [1-3]. Researchers may have made advancements
in extending and applying fixed point theorems to new mathematical frameworks, such as fractional
calculus [4, 5]. Fractional calculus deals with
derivatives and integrals of non-integer order,
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For a non-empty set U operative through a metric d, we present a family of auxiliary functions
p: U x U - [0, 1) such that
limp(un, A4n) =1 = limd(p,, 1,) =0
n—oo n—oo

for all sequences {u,} and {1,,} in U that the sequence {d(u,, 1,,)} is decreasing and convergent.
The function family, defined above, is represented by A(U) (see, e.g., [12, 13]).

Example 1.1 Let a;, @2 : R x R — [0, 1), defined by
ai(u, 1)=k for some k € (0, 1);
t
as(u, A) A for some t=0
Then a;, a2 €A(R).
We reserve the letter G for all functions § : [0, ) — [0, 1) so that
6 (tn) -1 lmplles tn - 0.

A function & € G is also named Geraghty function.

Example 1.2 On a metric space (U, d), we define a functiona : U x U — [0, 1) by
a(u,A)=6d(u, 1),
where 0 € G. For sequences {u, }, {1} in U, if limp(u,, A,) = 1, then
n—-owo
limd(uy, A,) = 1 Thus
n—oo

limd(u,,A,) =0

n—oo

This implies that a € A(U).

We introduce a family of continuous, non-decreasing auxiliary functions @ from [0, o) to [0, )
denoted by the letter @.

@ (g)=0if and only if g = 0.
From now on, a triplet (U, d, T) represents a structure:

1. Anon-empty set U;

2. A metric on d so that (U, d) is complete;
3. Tis aself-mapping on U.

We also define the following inequalities on a triplet (U, d, T):
(Dy) @ (d(Tu, TA)) £ @ (d(u, 2)) — w (d(u, A)) for each pu, A € U, where @, y € ;
(D2) d(TH,TA) £ & (d(u, 2))d(#, 2) for each u, 2 € U, where § € G.

Theorem 1.3 (Dutta and Choudhury [14]) On (U, d, T), if (D) is fulfilled, then T has a fixed point.

Theorem 1.4 (Geraghty [7]) On (U, d, T), if (Dy) is fulfilled, then T has a fixed point. Popescu [15]
recommended a modification on (triangular-) a-a permissible mappings, defined in [16, 17], as follows.
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Definition 1.5 ([15]) On a triplet (U, d, T), for a mapping 8: U x U — [0, «), T is called @ -orbital
permissible if

0 (g, Tq) > 1=6(Tq, T?q)> 1.
In addition, if the inequality
O, q=>landd(q, Tq)>1=20(p, Tq)>1
is fulfilled, then the & -permissible mapping T is named triangular 6 -orbital permissible.

Observe that every mapping that is 8 -permissible is also 8 -orbital permissible. See e.g. for additional
information and counterexamples [15-19].

If a mapping exists, in addition to the triplet (U, d, T) structure 8: U x U — [0, o), we epitomize it
by a quatern (U, d, T, 6). It is vibrant that (U, d, T, 8) decreases to (U, d, T) in event of 8 (p, q) = 1 for
allp,qeU.

Definition 1.6 ([19]) On a edifice (U, d, T, ), we approximately that U is @ -regular if the succeeding
condition is satisfied: (0 -Regular) If {# .} is a sequence in U such that & (un, pin+1) > 1 for all n € N

and pn — u € U as n — oo, then there exists a subsequence {unk } of {un} such that @ (# w, #)>1 for
all k.

Meanwhile, due to the outcomes of using fractional operators in modelling, one of the rapidly
expanding fields of study is the fractional calculus, which expands the integer order integration and
differentiation to any order [20-23].

Recent discoveries of fractional operators have been proposed by some researchers as a way to better
comprehend some real-world challenges. We highlight the operators that are thought to be among these
in [24-28].

On the other hand, several researchers used fixed point theorems to examine the existence and
uniqueness of solutions to differential/integral equations using fractional operators. With respect to this
issue, we refer to [28-37].

The purpose of this study is to prove a few new fixed point theorems and demonstrate the existence
and uniqueness of solutions to a number of differential equations of both fractional and integer order.

MAIN RESULTS
This segment will designate a new class of mappings and appearance into fixed point criterion for
them, drawing motivation from Geraghty contraction.

Definition 2.1 On a quatern (U, d, T, ), we define the following inequalities:
(D3) 0 (u, ) @ (d(Tw, TA) < p(u, 1) @ (R(u, 2)) forall p, 1 € U,
(Da) 0 (1, 2) @ (d(Te, TA)) < p(ue, 2) @ (I, A)) forall u, 1 € U,
(Ds) 0 (1, ) @ (d(Tp, TA)) <p(u, 1) @ (M(u, 1)) forall p, A € U,
where p € A(U) and @ € @, and

d(uTw)dA,TA)
da(ua)

d(u,TA)+d(A,Twr)

R(u, 1) = (max{ A, ), d(u, Tw), d(4, TA), ————F——} (2.1)
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J(1,2) = (max{ 7B d(u, 1) 22)
M(,2) = (max{d(u, 2), d(u, T), d(4, TV} (23)

We say that T is Jaggi type 0 -p-w -contraction (respectively, generalized Jaggi type 0 -p-w -
reduction) if (D3) (correspondingly, (D 4)) is satisfied. A charting T will be called 6 -p-w - reduction if
(D 5) is fulfilled.

Theorem 2.2 On a quatern (U, d, T, 0), if the following assumptions hold:
1. discrimination (D3) holds;
2. T isunceasing and systems a trilateral 8-orbital permissible;
3. around happens uo € U such that 0 (uo, Tio) = 1:

Then T has a fixed point.

Proof: On account of (iii), there is #, € U with
6 (o, Tuo) > 1.
Define an iterative sequence {un} by un = Tun1 for all n € N. Assume that for some positive integer
k, we have px = pis1. This implies that Tux = pie1 = p, that is p is a fixed point of T. Thus, we shall
assume that u, # unsa foralln=0, 1, 2, .
On account of inequality (Ds), for all n € N, we have
@ (d(un, pn+1)) < 6 (n1, o) @ (d(un, pnsa))
=0 (i1, ) @ (d(Tpena, Tin))
< p(un-1, pn) @ (R(in-1, pin))
<@ (R(un_1, un)). (2.4)

On the other hand

d(Un—1,Tln-1)d(Un.Tln) A(Un—1.Tun)+d (Un T in)
R(pn-1, #n) = max{—" 1d(#7:1—i'#n)n ", d (-1, hn), A1, Thn—1), d(ttn, Thy), == nz n R

A(Hn—1,4ns1)+d(Un lin)
R (pn-1, tn) = max{d(pn, tin+1), d(Un-1, hn), A, T 1), == ——=2)

d(in-1,
R (1, ) = Ma{ d(tins 1), At 1), L2202y

d(Un—1.U4n) +d(ﬂn:ﬂn+1)}
2

R(:un—l' :un) < max{ d(:un' .un+1)' d(.un—l' 'un)'

R(Up—1,tn) = max{ d(pn, Uns1), d (-1, .un)}

If R(p—1, tn) = {d (s tn+1)}

Employing (2.4), we conclude that

@ (d(tn, Hn+1)) < @R (U, Unt1))
@ (d(tn, Un+1)) = ©(d(Un, Bns1))
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A contradiction. So, we accomplish that, for all n € N,
R(Un—1, 4n) = d(Un—1, Un) (2.5)

Now, from (2.4) and (2.5), we get that

w(d(ﬂn' .un+1)) < w(d (:un—lv .un))

Using the monotony of @ implies that, for all n € N,
d(pn, Mn+1)) < d(Un-1, n)
So, the sequence {d(un, un+1)} is non-negative and decreasing. Eventually, there exists r > 0 such that

Tlli_rﬂ;p(ﬂn' Hn+1) =T

Thereafter, we illustrate that r = 0. Suppose, on the contrary, that r > 0. Then, from (2.4) and (2.5),
we have

@ (d(Unbn+1))
wldHtntn+1)) -
@(d(Un-1n)) — p(.un—lp ,Un)

which suggests that
Tlli_zlod(:un—l:ﬂn) =0

It yields r = 0 that is a contradiction. Hereby,

Tlli_t{}od(:un:“n+1) =0

The sequence {un} is important (Cauchy). Receive, on the opposing, that the iterative sequence {un}
is not important. Then here happens € > 0 such that, for all k € N, we can find mx 2 ni >k such that

d(.unk' ﬂmk) =€

In adding, it may be expected that

d(.unk' .umk—l) <€

By selecting mi as small as possible. Hence, for each k € N, we find
(ShS d(:unkuumk) = d(:unkuumk—l) + d(.umk—l'.umk)
E<E +d(#mk—1:#mk)

Letting k — oo, we get

d(tnk, Bmi) =€

Note that, for any k € N,

zD'd(llnk+1'.umk+1) < Q(an:.umk)w(d(#nk+1:.umk+1))
wd (llnk+1' .umk+1) < Q(an: .umk)w(d(T.unk: T.umk))
@d (Unk+1 Hmi+1) < P Unier Bmi) D (R (Unger Bmi)) (2.6)
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Likewise, for any k € N, we have

R(Unk, Bmi) =
max{ Ad(pnie Tlnk) A (Umic T k)

A(Uni T k) +d(ﬂmk'Tﬂnk)}
d(UnkMnk)

) d(.unk' .umk)d(.unk; T.unk)d(.umkr T.umk)’ 2

d(,unk' .unk+1)d(.umk' .umk+1)
d(,unk' .umk)

R (ks Umi) = max{ » d (s Ui A (Ui Bie+1)s A (Winicr Bomie+1)

d (#nkn#mk)+d(#mk-#nk+1)}
2

d (Unks Pnie+1) A (Unier amk+1)
R(snks i) < max{——=—g o
nK» Fm.

d('unk'l‘lmk) +d(ﬂumk'l‘lnk+ 1)+d('umk'l‘lnk) +d('unk'l‘lnk+ 1)}
2

’ d(.unk: .u-mk)! d(.unk: .u-nk+1)! d(.umk: :umk+1):

Care in attention, the above inequality produces that

,éi_zlod(/lnkl Hmk) =0

Igi_rl}oR (Unk k) = Iéi_zlod(.unk' Hmi) (2.7)
On account of the triangular inequality and letting k — o, we derive

’éi_rgod(”nk:ﬂmk) < ’lcijgo(d(ﬂnk:ﬂnk+1) + (llci_)rzlod(/lnk'ﬂmk+1) + (d(.umk+1'.umk)

klti_tgd(.unkr”mk) = ’éilzlod(ﬂnk+1'ﬂmk+1) (2.8)
Keeping the continuity of @ in mind and joining (2.6), (2.7), and (2.8), we get
’lci_rl}ow(d (Mnk: Mmk)) < ]{;i_t?op (:unk: Mmk)’l(i_r)’;lOWd(Mnk' .umk)

Since
Limd (png, tmi) =€> 0
lim p(un, tmie) = 1
Since p € A(U) then

Igi_?}od(nunk' Hmk) =0

It is a contradiction. As a outcome, the iterative sequence {un} is Cauchy. Consequently, there exists
u* € X such that }(im Un = u *Regarding the continuity of T, we find

limpny = UmTh, =Ty =

Thus
Definition 2.3

On a structure (U, d, T, @), we consider the following inequality:
(De) 6 (1, D) (A(T @, TA)) < p(u, {) @ (Q(u, A)) for all u, A € X,
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where p € A(U), @ € @, and

— dwTW[1+dm. )] d@ATH[1+dWTw)]
Qw, 4) = max{ 1+d(u,A) ’ 1+d(u,) } (2.9)

A self-mapping T is named a comprehensive Dass—Gupta type 8 -p-@ -reduction if (D) is satisfied

Theorem 2.4 On (U, d, T, € ), we assume that
i. inequality (Dg) holds;
ii. T is continuous and triangular 6-orbital permissible;
iii. there exists po € U such that 0 (#o, T #¢) > 1.
Then T has a fixed point.

Proof: From condition (iii), there exists uo € U such that

0 (1o, Tpo) =2 1

We know that the sequence {un} by un = T unq for all n € N. Supposing that, for nearly positive
integer k, we take ux = pw+1. This suggests that T px = pks1 = pi, that is, ux is a fixed point of T. So, we
can accept that pn # pns1, N =0, 1, 2....

Taking inequality (Ds) into account, we find

@ (d(tn, fin+1)) < 0 (Un—1, in)@ (d (U, fins1))

@ (d (U, 1)) < 0 (Un—1, )@ (A(Tlp—1, Tii))

@ (d (i, fin+1)) < P(Un—1, )@ (d (U1, THn))

@ (d(pn, Mn+1)) < @(Q(Hn-1, n) (2.10)
On the other hand,

Ad(Un-1.Tln-1)[1+d(UnTin)] d(UnTun)[1+d(Un-1,Tln-1)]
1+d(pn-1,8n) ’ 1+d(pn-1,8n)

Q(Un—1, Un) = max{ , d(Un—1, Hn)

d(Un-—14n)[1+d(Untnt+1)] A(Unbnt1)[1+d(Un—1.Un)]
1+d(Un-1,4n) ’ 1+d(pn-1,4n)

Q(Un—1, Un) = max{ » A(Un—1, Hn)}

d(pn-1.4n)[1+d(Un lnt1)]
1+d(Un-1.4n) ’ d(,lln,

Q(Un—1, Un) = max{ Un+1)r A(Un-1, Un)}

If d(pn-1, 4n) < d(tn, Hn+1) then Q(pn—1, un) = d(fn, tn+1) applying (2,4), we deduce that
w(d(:un' l’ln+1)) < E)'(Q (#n—l:#n))
@ (d(n, Unt1)) = ZD'(d(.un: .un+1))

Which yields a contraction. Accordingly, we find
Q(Un—1,4n) = d(Un—1, Hn) (2,11)

Entirely n € N. On explanation of (2.4) and (2,5), we originate that
@(d(tn, tn+1)) < @(d(fn-1, n))
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Employing the monotonicity of @ ,we get

d(.unl :un+1)) < d(.un—ll l’ln)

for all n € N. we accept that {d(un, un+1)} is @ non-negative and declining sequence. As an instant
consequence, we realize that here happens r > 0 such that

lim d(un, un+1) = r. In pardon tracks, we declare that the limit r = 0. Supposing, on the conflicting,
Nn—o0
that r > 0. Then, from (2.4) and (2.5), we have

@ (d(Unbn+1)) <
w(d(Un-1.4n)) ~

which implies that lim p (un, un+1) = 1. Since p € A(U),
n—-o0

P(tn-1,Un)

lrllm d(un-1, un) = 0=r

It contradicts our assumption. Therefore

r=0=lim d(’un, ’un+1)

n—oo

We will confirm that the sequence {un} is a fundamental (Cauchy) sequence in the result. Assume
that {un} is not a fundamental sequence in the contradictory case. Henceforth, there exists € > 0 such
that, for all k € N, we can find mx 2 ng > k such that

d(.unk: :umk) =€

Also, choosing my as minor as possible, it may be supposed that

d(.unk: :umk—l) <€

Therefore, for each k € N, we have
(ShS d(#nk'ﬂmk) < d(ﬂnk:ﬂmk—l) + d(.umk_l:llmk)

€<€ +d(Umy_q1 Hmk)
As k-« in the inequality above, we get
Limd (pny, Hmi) =€
Note that, forany k € N
@ ((d(tnkesnr £mein)) < OQtier 1 ) (A (L1 Hica))
@ (A (tiers ki) < OQttnier £t )@ (AT s T 1))
(A (B Hiec)) < Pt i) ( Qb ) 212)

Similarly, for any k € N we have

d (et Tt )L+ Gt Tt )1 d Gt Tt NI+ (s T 22,1

Qtyye» Hry) = MaxX{ ) O (Lhyer )
o 1+d (ets i) 1+d (s M) o

d (s i) L+ A (s i)l A (s e )L+ A (s )]
Q(,un,um)zmax{ nk mK + ml mK + , m mK+ n nk+ !d(,unuum)
“ “ 1+d(/unk’lumk) 1+d(/unkhumk) ‘ ‘
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On the additional pointer, on explanation of the comment limd (i, tnk+1) = 0, we find
X—00
IICT;LOQ (l’lnk' Pmk) = ;éil?}od(ﬂnk’ Hmic) (2,13)

On account of the triangular inequality and taking the limit as n — oo, we derive

flil)’?od(ﬂnk' Pmi) < ]{i_ﬁlo(d(#nk'#mk+1) + d(.unk+1v Hmie+1) + d(.umk+1’ Hanic)

;lil)’?od(“nk' #mk) = ]l(lzzlo(#nk_i_l) .umk+1) (2114)

Keeping the assumption lfimd(ﬂnk,ﬂmk) =€> 0in mind, we deduce that
Ilci_r)?op(#nk'ﬂmk) =1

Regarding that p eA(U), we get
75':_7)?0‘1(“71]{' /'tmk) =0

A contraction that, as a result the sequence {u,, } is fundamental. Furthermore, there exist u *€ U such
that limu,, = u *. since T is a continuous function, Therefore
n—-oo

limp, 1=limTu, =Ty *
n—-oo n—oo
Thus Ty, = u*

Definition 2.5 On a quatern (U, d, T, 8), we define
(D3)*0 (1, A) @ (d(Tu, TA)) < p(u, ) @ (R(u, A)) forall u, 1 € U,
where p € A(U) and @ € &, and R(u, A)is defined as in (2.1), under the condition

’l(imp(yn, An) =1 = limd(Tu,, TA,) =0
—00 n—-oo

for all sequences {u,, }, {An}< U that 0 (un, 4n) # 0 for all n € N. We say that T is a comprehensive
Jaggi type 6 -p- @ -contraction if (Ds)* is satisfied.

In its residence of the continuousness state, in Theorem 2.2, we suggest that U is & -regular, as follows.

Theorem 2.6 On a quatern (U, d, T, € ), if the following assumptions hold:
i. inequality (D3)*holds;
ii. Xis 0 -regular and T is continuous and forms triangular 6-orbital permissible;
iii. there exists ko € X such that 0 (po, Tpo) > 1;
then T has a fixed point.

Proof: From condition (iii), there exists uo € X such that
0 (o, T o) > 1.
Define the sequence {un} by un = T un1 for all n € N. Continuing along the relevant lines in the

Theorem's proof 2.2, we know that the sequence {un} is convergent to some u* € X and 6 (un, tn+1) > 1
for all n € N. Since the sequence X is 8 -regular, there exists a subsequence

{ung with 0 (tnk, ) > 1 for each k € N., we accept that
(U, 1) =1forallneN (2.15)
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Put on (2.15) for all n € N, we get
w((d(uny,, Tu*)) = w(d(Tpy, Tu*))
w((d(un gy, T *)) < 0(n, ux)w((d(Tpn, Ty *))
w((d(un g, T *)) < pQun, ke *)@((R(n, 1 %)) (2.16)

Also, we have

d(pun, T uy) (u*,Tux d(un, Tux)+d(u*T Uy
R(Mn“u*)_max(w AUy, 1t *), (U, Ty, d(u *, T %), (un, Tux)+d(p #)}

d(pn, %) 2
d(n, hnp1) (T ux) d(pn Tpx)+d (P Un+1)
Rpn, i %) = max(== 0 =, d b, %), A, fin 1), A%, T ), === )

Since limd(u,, 1 *) = 0 then limR (U, u *) = d(uy,, Tu *).Applying (2,10) and the continuity of
n—oo n—-oo
@ \we get

limp(u,, n*) =1 and so
n—oo

d(pn, T %) = Ump(Tin, T ) = 0

Therefore Ty *= p *

APPLICATION

Applying Singular Kernels for Fractional Derivatives in a System of Nonlinear Differential
Equations

Now we prove application let a € (1,2].

Let & be a positive real number and I" be a gamma function. For a continuous function f: [0, ) —
R, the Caputo derivative of fractional order & is defined as

(§D%F)(s) = — (;_) Jo(s = t)a MO(t) dt, n = [or] +1.

Consider the following nonlinear fractional differential equation:
D “w)(s) = g(s,u(s)),seland 1 < & <2,

via the integral boundary condition

u(0) =0, u(1) = f, u(t)dt, re (0,1),
where u € C [0,1] and g : I x R— R is a continuous function. We define the operator equation
T:C[0, 1]- C [0, 1] as follows:

T(u)(s) = r_of (s —t)a—1g(t u(t) dt- (2 — r()f (1—t) a—1g(t, u(t)) dt

(2 Tz) r()f f(t—Z)a—lg(z u(z))dz.dt, s el

We see that u € C[0, 1] is a solution of (2.18) if and only if u € C[0, 1] is the fixed point of the mapping
T. Suppose the following conditions:

(J1) 3{: R? - R and ¢ € ¢ such that, for all s € I and a, b € R with ¢ (a, b) =0,

r(+2
9(s.@) = g(s, )] = Ku p(la = BI), Ka= oo

© STM Journals 2024. All Rights Reserved 10



Recent Trends in Mathematics
Volume 1, Issue 1

(J2) Jup € C[0, 1] such that ¢ (uo(s), T(Uo(s))) = 0 for all s € I;

(J3) Vselandu, veClo, 1],

{ (u(s), v(s)) = 0 implies that ¢ (T(u(s)), T(v(s))) = 0

(J4) Let (un) be a sequence in C[0, 1] such that uy— u in CJ[0, 1]. Let, for all t € I,
¢ (Un(S), Una(S)) = 0V e N = & (un(s), u(s)) = 0.

Theorem 3.1 Let conditions (J1) -(J4) be fulfilled. Then T has at least one fixed point u* € C [0,1].

Proof: We prove that T is a generalized 6-p- @ contraction mapping. Now, let u, v € C[0, 1]
such that, for all s € I, ¢ (u(s), v(s)) = 0. Applying (J1),

IT@)() = TR = 75 fy (s = ) @ = 19t u®) dt - 25 . 7 [1(1 = ) = 1g(t, u() ot

2s

+ o 7o o — [T J;(t — 2) @ — 19(z, u(2))dz.dt - o —— Ji(s — ) a — 1g(t, v()) dt

2s
+
(2-r2) " rQ-o

< o fyls = tla = 1lg(6u®) - g6, v()lde

f (1—1t)a—1g(t, v(t)) dt + = r2) r()f f (t —z) a — 19(z, v(2))dz.dt

2 1 t
+ ﬁr—ofo 11— tla — gt u(®) - g(t,v(©)ldt

2s
(2 ?) FO

—= J3ls — tla — 1K p(Iv(t) — u(t))dt

_F()

2t

2s 1 1 _
+ B o - (v —u@Ddt + i

u(z)|)dz)dt

— Jy Ut = 21 Ky p(lv(2) -

rg-o
< _ sup( 1 %t
< Kol —ull,) * SR s — e ae

1 1 a-1 2s 1 o1 st a-1
+(2_r2)1~_0f0|1_t| dt +mr_of0 folt_Zl dzdt

< #(lv-ul ) =g(d(u,v))

We define g : C[0,1] x C[0,1]- [0,%) by

_ (1, (u(s),v(s)) =0Vse€l,
B v) = { 0, otherwise,
and
P(d(uv)) ifu
p(u,v) = { d(uw)
0,ifu = v,
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Then, for all u, v € C[0,1], we have

B, v)d(Tu, Tv) < ¢p(d(u,v)) = %d(u, v)
=p(u,v)d(u,v)
<p(u,v)R(u,v).

Let @ (x)=x forall x € [0, o). Then T is a generalized 6-p- @ reduction type mapping. Ace can show
that all the suggestions of Theorem 2.6 are satisfied. Thus there exists u™ € C[0,1] such that Tu" = u".

APPLICATION TO ORDINARY DIFFERENTIAL EQUATIONS
Let U = C[0,1] be the space of all constant functions defined on I, Where | =[0,1] and u € U. Study
the following two-point boundary value problem of a second order ordinary differential equations.

() - g us) o se[04], 1)

u(0) =u(l) =0,

whereverg: [0,1] * R = Ris a continuous function. It is acknowledged that u=u(s) € C[0,1] is a
solution of 4.1 if and only if u € C[0,1] is a answer of the integral equations.

u(s) = [ k(s,)g(t, u(t))dt,
Where k(s, t) is defined as follows:

s(1—t) 0<s<t<1,
(1-s) 0<t<s<1,

k(s, t){

Theorem 4.1 Let ¢ € ¢ and the following conditions be satisfied:
(J1) 3a function ¢: R? - Rsuch that, for all s € Iand for all a, b € R with {(a, b) = 0, we have

lg(s,a) — g(s,b)| < 8p(la — bl);

(J2) Ju, € €[0,1] such that, for alls € I,
¢ (9), [ k(s,Dg(t,u,(0)d) > 0

(Js) ForallS€ ! and u, v e C[0, 1]
& (uy(s),v(s)) 20 implies
¢(J; k(s gt u@)dt, [ k(s gt vB)dt) = 0;

(Ja) Let {un} be a sequence in C[0,1] such that u,, = uin C[0,1]. Let, foralls e landn € N,
¢ (un(s), Un+1(s)) = 0 imply that {(uy (s), u(s)) = 0.

Then boundary value problem (4.1) has a solution.
Proof: We define T: C[0,1] = C[0,1] by
TUED = [ k(s o) f (6 u())de, vs € 1.

A solution of problem (4.1) look like to fixed point of T. Now our purpose is to verify that integral
operator T is a generalized a-p- @ contraction.
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Let u, v e C[0,1] such that ¢ (u(s),v(s)) = 0 forall S € | . Applying (J1),
ITu(s) = Tv(s)| = [y k(s, OF (&, u®) - f(&y(@©))dt|
< [ k(s,0)lg(t,u(®) — g(t, y(©)ldt
< [ k(s, )@ (lu(t) — v())dt
< 8sup [, k(s, )dte(d(w, v))
= p(d(wv))

We define 5: C[0,1] * C[0,1] — [0, ) by

B(u,v) = {1 ¢ (u(s) v(s) = Ofor alls €1,

0 otherwise
And
P(dw)) .
puv)={ awn UFV
0 ifu=m,

Then, for all u, v € C[0,1], we have

B(u, v)d(Tu, Tv) < ¢(d(w, v)) = %d(u, v)

= p(u,v)d(u,v)
< p(u,v)R(u,v).

Let @ (x)=x for all x € [0,). Then T is a generalized a-p- @ contraction type mapping.

Let {u,}, {v,} be sequences in C[0,1] such that limp(u,,v,) = 1 and, foralln € N, a(u,,v,) # 0.
n—-oo

By the definition of g, for all n€ N, and t € [0,1], we have {(u,(s),v,(s)) =0, and so

d(Tu,(s), Tv,(s)) < (d(uy, vy)), which implies that, for all n € N, d(Tu,, Tv,) < ¢(d(uy, vy)).

Since limd(u,, v,) = 0, therefore limd(Tu,, Tv,) = 0. This suggests that condition (i) of Theorem
n—o n—oo

2.6 is fulfilled. Put on conditions (J2)-(J4), all the hypotheses of Theorem 2.6 are fulfilled. Therefore,
there exists u* € €[0,1] much that Tu* = u".

CONCLUSIONS

Our contribution involves the enlargement and unification of findings from the present body of
literature. We have utilized our fixed point findings in establishing solutions for ordinary Differential
equation and fractional operators containing singular kernels, specifically the Caputo-type fractional
operator. We included an integral-type boundary condition for the Caputo fractional boundary value
problem, but not for the Caputo-type fractional boundary value problem. Our future investigate will
spread these methods to fractional operatives with nonsingular kernels.
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