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Abstract 

This paper explores perfect numbers, by getting into their historical significance and computational 

journey from ancient times to the present day. The discussion covers the mathematical definition of 

perfect numbers, their importance in number theory, and the major milestones in their discovery. Also, 

it elaborates how the coders are using their skillsets to identify new perfect numbers and the 

transforming outcome of getting more and more perfect numbers found. By providing a comprehensive 

overview on perfect numbers, this paper highlights the critical contributions of historical and modern 

computational methods, underlining their lasting importance in both theoretical and applied 

mathematics. 
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INTRODUCTION 

Perfect numbers, a fascinating class in mathematics, are defined as positive integers equal to the sum 

of their proper divisors, excluding the number itself. Their study, which began in ancient Greece, has 

intrigued mathematicians for millennia because of their rarity and mathematical elegance. Despite their 

seemingly straightforward definition, perfect numbers hold profound complexity, making their 

discovery an enduring challenge. The exploration of perfect numbers bridges historical insights, 

theoretical discoveries, and cutting-edge computational methods. 

 

This paper aims to provide a detailed exploration of perfect numbers, from their mathematical 

foundation and historical milestones to the computational approaches that continue to drive discoveries 

in the modern era. By analyzing the historical and algorithmic advancements, this paper seeks to 

underscore the enduring relevance of perfect numbers. 

 

WHAT ARE PERFECT NUMBERS AND EARLY FORMULATIONS? 

Perfect numbers are mathematically defined as numbers equal to the sum of their proper divisors. For 

instance, the number 6 is classified as perfect because its divisors 1, 2, and 3 sum up to 6 [1]. 

 

Let us take the number 6 for an example, factors 

of 6 are 1, 2, 3, and 6. Ignoring the number 6 as 

factor for itself, the sum of the rest of factors is 

perfectly equal to the number itself, i.e., 6. 

Similarly, 28 has factors 1, 2, 4, 7, 14, 28 (Figure 1). 

1 + 2 + 3 = 6 (1) 

1 + 2 + 4 + 7 + 14 = 28 (2) 

If we check the numbers accordingly, we find that 

most of the numbers just undershoot or overshoot, 

but only 6 and 28 are the only numbers which are 

perfect numbers below 100 [2]. 
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Figure 1. Visualization using factors of first perfect number, i.e., 6. 

 

Table 1. Unit places of perfect numbers. 
Perfect numbers Unit place digit 

6 6 

28 8 

496 6 

8128 8 

 

As we move up to 1000 we get two more perfect numbers, 496, and 8128. 

 

Later, mathematicians started to think of the identification features of the perfect numbers to find 

more of them and find if any odd perfect number does exist or not. 

 

First we saw that the new perfect number is one digit longer than the previous number like - 496 is 

one digit longer than 28 that is also one digit longer than 6 and so on with others. Next, they found the 

pattern of unit place digits as shown using Table 1 given below: 

 

They assumed a theory that the perfect numbers end up with 6 and 8 digits at unit place in alternating 

manner. But this theory was proven wrong when the next two perfect numbers appeared, the next two 

perfect numbers 5th appeared to be 33550336, with 8 digits, proving the first assumption wrong that all 

perfect numbers have one extra digit than the previous, because if this is what it is, then the perfect 

number 5th must be of 5 digits. Next, we found 6th a perfect number which proved the second theory 

false as both 5th and 6th ended with 6 in unit place [3]. 

 

So, mathematicians tried more theories like – 

 

Perfect numbers are equal to the sum of consecutive natural numbers. 

6 = 1 + 2 + 3 (3) 

28 = 1 + 2 + 3 + 4 + 5 + 6 + 7 (4) 

496 = 1 + 2 + 3 +... + 30 + 31 (5) 

8128 = 1 + 2 + 3 +... + 126 + 127 (6) 
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Perfect numbers (excluding 6) are equal to the sum of cubes of consecutive odd numbers. 

28 = 1³ + 3³ (7) 

496 = 1³ + 3³ + 5³ + 7³ (8) 

8128 = 1³ + 3³ + 5³ +... + 13³ + 15³ (9) 

Perfect numbers in binary have some interesting format. 

6₁₀ = 110₂ (10) 

28₁₀ = 11100₂ (11) 

496₁₀ = 111110000₂ (12) 

8128₁₀ = 1111111000000₂ (13) 

According to this theory (excluding for 6), the number of 1s in the binary form are increasing in odd 
numbers, i.e., 3, 5, 7, and so on, and number of 0s in the binary form are increasing in pairs, i.e., 2, 4, 
6, and so on. 
 

But soon after the discovery of next perfect number, i.e., 33550336, this theory failed as according 
to theory, this should have 9 1s and 8 0s but it had 13 1s and 12 0s [4]. 
 

Perfect numbers are equal to the sum of reducing powers of 2. 

6 = 2² + 2¹ (14) 

28 = 2⁴ + 2³ + 2² (15) 

496 = 2⁸ + 2⁷ + 2⁶ + 2⁵ + 2⁴ (16) 

828 = 2¹² + 2¹¹ + 2¹⁰ + 2⁹ + 2⁸ + 2⁷ + 2⁶ (17) 

Around 300 BCE, Euclid discovered a pattern while working on perfect numbers, and this pattern 
looked promising to him. Euclid found that if we take 1, and then keep doubling it, we get a series as 
follows: 

1, 2, 4, 8, 16, 32, 64 (18) 

Now if we start adding by first two numbers that are 1 and 2 we check if the result is prime or not. In 
this case, 1, and 2 add up to 3 which is a prime. If the result is prime then the result is multiplied to last 
number that is added from the series, i.e., 2 here, and we get our first perfect number. We keep repeating 
this to get more primes (Figure 2) [5]. 

1 + 2 = 3 (prime) (19) 

==> 2 × 3 = 6 

1 + 2 + 4 = 7 (prime) (20) 

==> 4 × 7 = 28 

1 + 2 + 4 + 8 = 15 (not prime) (21) 

1 + 2 + 4 + 8 + 16 = 31 (prime) (22) 

==> 16 × 31 = 496 
 
From above we can observe that: 

6 = (1 + 2) 2¹ 

28 = (1 + 2 + 4) 2² 

496 = (1 + 2 + 4 + 8 + 16) 2⁴ 
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Figure 2. Graph of number checked for perfect number criterion till 100. 

 

But there is a more convenient way to write this. Let us take any sum of consecutive powers of 2 [6]. 

1 + 2¹ + 2² +... + 2ⁿ⁻² + 2ⁿ⁻¹ = T (23) 

(Multiplying equation with 2) (24) 

==> 2¹ + 2² + 2³ +... + 2ⁿ⁻¹ + 2ⁿ = 2T (25) 

(Subtracting second equation from first) (26) 

==> T = 2ⁿ − 1 (27) 

(Replacing value of T) (28) 

==> 1 + 2¹ + 2² +... + 2ⁿ⁻² + 2ⁿ⁻¹ = 2ⁿ − 1  (29) 

1+21+22+⋯+2n−1=2n−1 (30) 

Hence, the upper values of 6, 28, and 496 becomes: 

6 = (2² − 1) 2¹ (31) 

28 = (2³ − 1) 2² (32) 

496 = (2⁵ − 1) 2⁴ (33) 

Hence, Euclid gave the formula for finding a perfect number as - 

Perfect Number = (2ᵖ − 1) · 2ᵖ⁻¹  (34) 

The interplay between prime numbers and perfect numbers reveals a structured elegance in number 

theory, with Mersenne primes serving as a cornerstone for discovering new perfect numbers. However, 

the existence of odd perfect numbers remains one of the longest-standing unsolved problems in 

mathematics [7]. 

 

WHY ARE PERFECT NUMBERS IMPORTANT? 

Mathematical Significance 

Perfect numbers are pivotal in number theory, fostering deeper insights into prime distributions, 

divisors, and intrinsic number properties. They are intricately connected to the study of prime numbers 

and have contributed to broader mathematical disciplines, including algebra and cryptography. The 

properties of perfect numbers have influenced the development of algorithms for prime testing and 

factorization [8]. 
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Historical Curiosity 

In ancient cultures, perfect numbers symbolized perfection and harmony. They were regarded as 

numerological symbols in philosophical and cosmological theories, influencing thought across various 

domains. For example, the number 28, a perfect number, was associated with lunar cycles [9]. 

 

Modern Relevance 

Today, perfect numbers play an important role in fields, such as cryptography, computational 

mathematics, and algorithm design. The discovery of new perfect numbers often accompanies 

advancements in computer science, demonstrating the synergy between theoretical mathematics and 

technological innovation [10]. 

 

Computational Mathematics 

In certain mathematical heuristics or problems related to divisor functions, perfect numbers can serve 

as points of interest in theoretical exploration or proofs. As a special case of highly structured numbers, 

perfect numbers also inspire deeper questions in mathematics that may lead to new algorithms or the 

discovery of relationships between prime numbers and divisor functions. Perfect numbers are part of 

broader number-theoretic studies that involve data structures designed to efficiently store and query 

large sets of numbers, including prime factorizations or divisor sums. This is especially relevant for 

mathematical libraries in computational software [11]. 

 

Cryptography 

The perfect numbers themselves do not appear directly in most cryptographic algorithms. However, 

their relationship to Mersenne primes and number-theoretic functions makes them relevant in contexts, 

such as prime number generation, the search for large primes, and certain cryptographic protocols. The 

study of these concepts can indirectly influence the design of more efficient cryptographic systems. The 

search for large prime numbers is crucial in modern cryptography, and Mersenne primes have been 

used as benchmarks for key generation and cryptographic systems. For instance, the search for large 

Mersenne primes (and hence perfect numbers) involves highly efficient probabilistic primality tests, 

which can be used as tools in cryptographic applications [12]. 

 

HISTORICAL MILESTONES 

Detailed Historical Insights 

The study of perfect numbers has roots in ancient Greek mathematics, where philosophers, such as 

Pythagoras and Euclid first defined and explored these numbers. Euclid, around 300 BCE, provided the 

foundational formula linking perfect numbers to Mersenne primes. Nicomachus of Gerasa, in the 1st 

century CE, further expanded on their philosophical significance, classifying them as divine and 

harmonious. 

 

During the Islamic Golden Age, scholars, such as Al-Kindi and Al-Khwarizmi preserved and 

elaborated on Greek knowledge. The study of perfect numbers transitioned to Europe in the 

Renaissance, where Marin Mersenne’s work in the 17th century provided the connection between 

perfect numbers and primes of the form. Leonhard Euler, in the 18th century, proved that all even 

perfect numbers must adhere to Euclid’s formula, solidifying the theoretical framework [13]. 

 

The modern era, beginning in the twentieth century, witnessed the advent of computational tools that 

revolutionized the search for perfect numbers. In 1952, Raphael Robinson used early electronic 

computers to discover several new perfect numbers. The Great Internet Mersenne Prime Search 

(GIMPS), launched in 1996, continues this legacy by using distributed computing [14]. 

 

Important Dates and Discoveries 

• 300 BCE: Euclid proved the formula for even perfect numbers. 

• 1456: Rediscovery of Greek mathematical texts during the Renaissance. 
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• 1644: Marin Mersenne publishes his conjectures on primes of the form. 

• 1750: Leonhard Euler proves the connection between even perfect numbers and Mersenne 
primes. 

• January 30, 1952: Raphael Robinson discovers new perfect numbers using early computers. 

• January 11, 1996: Launch of GIMPS, leading to the discovery of dozens of large Mersenne 
primes and perfect numbers. 

• December 7, 2018: The 51st known perfect number is discovered, containing more than 49 
million digits. 

• October 12, 2024: The 52nd known perfect number is found, breaking previous computational 
records (Figure 3). 

 
COMPUTATIONAL APPROACHES 
Lucas-Lehmer Primality Tests 

The Lucas-Lehmer Primality Test (LLT) is a specialized algorithm used to verify the primality of 
Mersenne numbers. It is highly efficient and has been instrumental in identifying new Mersenne primes, 
which directly led to the discovery of new perfect numbers [15]. 
 
Distributed Computing 

Projects, such as GIMPS harness global computational resources, enabling extensive and 
collaborative searches for new Mersenne primes. This approach exemplifies the power of distributed 
computing in the resolution of complex mathematical problems. By distributing tasks across thousands 
of computers, researchers have accelerated the pace of discovery. 

 
Advanced Techniques 

Sophisticated methods, such as the Fast Fourier Transform (FFT) and the Discrete Weighted 
Transform (DWT) optimize large-number multiplications, essential for primality testing. These 
computational innovations have significantly improved the efficiency of the algorithms used in the 
search for perfect numbers. 

 

 
Figure 3. Timeline for perfect numbers. 
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MY APPROACH AND RESULTS 

Problem Statement 

Various programming strategies were explored to identify perfect numbers, emphasizing 

optimization and computational efficiency. The main issue was the massive computations in the 

iterations of getting the results by putting various values of p in the Mersenne’s equation. 

 

Implementation 

Python programs were developed using direct divisor sum checks and the Mersenne prime approach. 

Although the divisor-sum method was straightforward, it proved computationally expensive for larger 

numbers. In contrast, the Mersenne prime approach, combined with the Lucas-Lehmer test, 

demonstrated superior efficiency and scalability. So, many approaches like Lucas-Lehmer test, Sieve 

of Eratosthenes, were used to find if value of p which we put in 2ᵖ - 1 is prime or not. Once found the 

rest of the program takes over, by putting this value in the equation and finding the perfect number [16]. 

 

Future Work 

Future research will explore more pathways to find new perfect numbers, by exploring deeper into 

GPU-based parallel processing, distributed architectures, use of “Fast Fourier Transform” and “Discrete 

Weighted Transform” in calculations, and additional optimization techniques. These advancements aim 

to extend the search for perfect numbers, potentially uncovering new insights into their properties. 

Efforts will also include the exploration of odd perfect numbers and their theoretical implications. 

 

CONCLUSION 

Perfect numbers epitomize the intersection of ancient mathematical theory and modern 

computational innovation. Their study continues to bridge historical curiosity and cutting-edge 

technology, contributing to both theoretical and applied fields. The enduring quest for perfect numbers 

reflects the unyielding human pursuit of mathematical understanding and discovery. Through my 

research, I came to two conclusions as follows: 

No odd perfect number exist till date, and there is no possibility of its existence even. The reason for 

this can be stated as the presence of 2ᵖ⁻¹ in Euclid’s formula for finding the perfect numbers, that is, - 

Perfect Number = (2ᵖ − 1) 2ᵖ⁻¹  (35) 

As anything that is multiplied by 2 turns into an even number (unless the number that is being 

multiplied is a fraction/decimal), as in our case there are no chances for 2ᵖ − 1 to be a fraction/decimal. 

But we will continue our check for odd perfect numbers as there can be exceptions in any field. 

 

There are 52 perfect numbers until date that are identified, and below the “Lowest unverified 

milestone”, i.e., 71446709, all exponents are checked more than once, and below the “Lowest untested 

milestone”, i.e., 129469817 all exponents are checked at least once. Also, it has not been verified 

whether any undiscovered Mersenne primes exist between the 48th (M₅₇₈₈₅₁₆₁) and the 52nd (M₁₃₆₂₇₉₈₄₁). 

 

So, the other conclusion that can be derived from the whole research is that if we use a higher 

specifications machine and improve the algorithm here, we can – 

• Find more perfect numbers 

• Cross-verify if the presence of perfect numbers is there or not till the 52nd perfect number that 

we have till date 
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